Andrea Lauß Peter Zinterhof Monika Feldbacher

University of Salzburg Research Institute of Software Technology RIST ++

Parallel Implementation of Fast Algorithms for Good Lattice Points

d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 1

Abstract

For 2 ˇ s ˇ 10 we determine optimal coefficients for the s-dimensional numerical integration of a special class of functions. We use the algorithms of Korobov, where the calculations enlarge for higher dimensions s and larger modules N because the algorithms have the complexities O(N^2), O(N^{43} ), O(N ) and O(N log N ), with N a prime number or with N = 2n. This leads to problems regarding the computing time needed. By parallelizing the algorithms an enormous reduction of this time is reached. The implementations are done in FORTRAN-77 under PVM (= Parallel Virtual Machine) version 3.1 by using a coarse-grained parallelism. The calculations were performed on a heterogeneous cluster of workstations consisting of DECstations 5000/33, DECs 3000 AXP/400 and a Silicon Graphics Iris INDIGO. This report is part 3 of the NEWTON-(New Technology of Numerics-) Project, which is devoted to the development and practical applications of NTN (Number Theoretical Numerics). NEWTON encompasses theoretical investigations and implementations onto parallel computers. (See also part 1([7]) and part 2([9])).

1. Introduction

Owing to the application of computer science, number theory became of great interest for numerical analysis. In this work we compute low-discrepancy point sets for the numerical integration of periodic functions, which belong to the class E^α_s (C). We use number theoretic methods to construct the lattice-points in the s-dimensional unit cube G_s s ≥ 2, ({ a_1k N }, { a_2k N }, ..., { a_sk N }), with 1 ≤ k ≤ N and suitable a = (a_1, a_2, ..., a_s) ∈ Z^s. These lattice-points lead to ∫ Gs f(x_1, x_2, . . ., x_s)dx_1dx_2 . . . dx_s = 1 N N∑ k=1 f({ a_1k N }, { a_2k N }, . . ., { a_sk N }) − R, (1) the quadrature with error R. The theoretically best results are obtained by using for a the optimal coefficients or equivalently the good lattice points in the sense of Hlawka and Korobov. The integers a_1, a_2, ..., a_s are optimal coefficients modulo N, iff for each nontrivial solution (m_1, m_2, ..., m_s) ∈ Z^s of the congruence

a_1m_1 + a_2m_2 + · · · + a_sm_s ≡ 0 mod N

holds :

R((m_1, m_2, ..., m_s)) = s∏ i=1 max(1, |m_i|) ≥ C(s) N ln^βN d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 2

with C = C(s) > 0 and β = β(s) > 0 constants only depending on the dimension s.

2. Korobov’s Algorithms

A mathematically detailed description of the algorithms and proofs respectively can be found in Korobov [5] and [6]. These works contain although all the information about the complexities. The number theoretical background of the algorithms is beyond the paper, for surveys of this theory see Hua and Wang [4] and Korobov [5].

Let {x} be the fractional part of x, [x] the next integer to x, ‖x‖ the distance to the next integer to x and let ∑_∗ denote the summation of odd integers.

Algorithm K1: [ [5] , theorem 23] Let p > s be prime. For z ∈ Z the function H(z) is defined as

H(z) :=

3^s p p∑ k=1 (1 − 2{ k p })^2(1 − 2{ kz p })^2 · · ·(1 − 2{ kz^{s−1} p })^2.

If H(a) is the minimal value of H on {1, 2, . . ., p − 1}, then the numbers

a_1 := 1, a_2 := a, . . ., a_s := a^{s−1}

are optimal coefficients modulo p. One needs O(p^2) operations for the computation of a and this leads for great p to a considerable computing time.

Algorithm K2: [ [5] , theorem 24] Let p_1, p_2 > s be prime, let p := p_1p_2 and a be defined as in algorithm K1 for p_1. For z ∈ Z we define H̃(z) as

H̃(z) := 3^s p p∑ k=1 (1 − 2{

(p_1 + p_2) p })^2(1 − 2{

(p_1z + p_2a) p })^2 · · · (1 − 2{

(p_1z^{s−1} + p_2a^{s−1}) p })^2.

If H̃(b) is the minimal value of H̃ on {1, 2, . . ., p_2 − 1}, then the numbers

a_1 := p_1 + p_2, a_2 := p_1b + p_2a, . . ., a_s := p_1b^{s−1} + p_2a^{s−1}

are optimal coefficients modulo p. This algorithm needs O(p^43 ) operations in the case p_2 is of order O( √ p_1).

d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 3

Algorithm K3: [ [6] , theorem 1] Let be n, s ∈ N and x_1, x_2, . . ., x_s odd integers. For 1 ≤ ν ≤ n we define

h_ν (x_1, x_2, . . ., x_s) := 1 2^ν 2ν ∑ m=1 *(2n − 2ν + 1 ‖^{mx1}_{2ν} ‖ )(2n − 2ν + 1 ‖^{mx2}_{2ν} ‖ ) · · ·(2n − 2ν + 1 ‖^{mxs}_{2ν} ‖ ). Let be a_{11} = a_{21} = . . . = a_{s1} := 1. Suppose the odd integers a_{1ν−1}, a_{2ν−1}, . . ., a_{sν−1} are already computed, then we define a_{1ν}, a_{2ν}, . . ., a_{sν}, with 2 ≤ ν ≤ n as

a_{1ν} := a_{1ν−1} + 2^{ν−1}z^′_1, a_{2ν} := a_{2ν−1} + 2^{ν−1}z^′_2, . . ., a_{sν} := a_{sν−1} + 2^{ν−1}z^′_s,

where h_ν (a_{1ν−1} + 2^{ν−1}z^′_1, a_{2ν−1} + 2^{ν−1}z^′_2, . . ., a_{sν−1} + 2^{ν−1}z^′_s) is the minimum of h_ν for (z^′_1, . . ., z^′_s) ∈ {0, 1}^s . For n ∈ N

a_1 := a_{1n}, a_2 := a_{2n}, . . ., a_s := a_{sn}

are optimal coefficients modulo p = 2^n. The number of elementary operations is of order O(p) and doesn’t reach Cs2^sp, where C is an absolute constant.

Algorithm K4: [ [6] , theorem 2] Let be n, s ∈ N and x_1, x_2, . . ., x_s odd integers. For ν = 1 and r = s, and for 2 ≤ ν ≤ n and 1 ≤ r ≤ s the function h_{rν} (x_1, x_2, . . ., x_s) is defined as

h_{rν} (x_1, x_2, . . ., x_s) := 1 2^ν 2ν∑ m=1 *^r ∏ j=1 (2n − 2ν + 1 ‖^{mxj}_{2ν} ‖ ) s∏ j=r+1 (2n − 2ν + 2 + 1 ‖^{mxj}_{2ν}�_1 ‖ ). Let be a_{11} = a_{21} = . . . = a_{s1} := 1. Suppose for r ≥ 1 and ν ≥ 2 we have already computed the odd integers a_{1ν−1}, a_{2ν−1}, . . ., a_{sν−1} and a_{1ν}, a_{2ν}, . . ., a_{r−1ν}, then we get a_{rν} := a_{rν−1} + 2^{ν−1}z^′ with 2 ≤ ν ≤ n, where h_{rν} (a_{1ν}, a_{2ν} , . . ., a_{r−1ν}, a_{rν−1} + 2^{ν−1}z^′, a_{r+1ν−1}, . . ., a_{sν−1}) is minimal for z^′ ∈ {0, 1}. For any n ∈ N the integers

a_1 := a_{1n}, a_2 := a_{2n}, . . ., a_s := a_{sn}

are optimal coefficients modulo p = 2^n. The number of elementary operations doesn’t reach Cs^2p.

Algorithm K5: [ [6] , theorem 3] Let be n, s ∈ N and x an odd integer. For 1 ≤ ν ≤ n and 1 ≤ r ≤ s the function h_{rν} is defined as

h_{rν}(x) := n∑ k=ν 1 2^{k−ν} 2k ∑ m=1 *ln( 1 sin^2π(^{ma1n}_{2k} ) ) · · ·ln( 1 sin^2π(^{mar}�^{1n}_{2k} ) )ln( 1 sin^2π(^{mx}_{2ν} ) ).

d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 4

Let be a_{1n} = a_{r1} := 1. Suppose we already knew the values a_{2n}, . . ., a_{r−1n} and a_{r2}, . . ., a_{rν−1} with r ≥ 2 and ν ≥ 2, then we put a_{rν} := a_{rν−1} + 2^{ν−1}z^′ with 2 ≤ ν ≤ n, where h_{rν}(z^′) is a minimum of h_{rν} on {0, 1}. For any n ∈ N

a_1 := a_{1n}, a_2 := a_{2n}, . . ., a_s := a_{sn}

are optimal coefficients modulo p = 2^n. The number of elementary operations is of order O(p log p).

The following ‘useful coefficients’ modulo N computed with a method of Zinterhof can be good compared with the optimal coefficients of K1, K2, ..., K5.

Algorithm ZG: [ [8] , theorem ] Let be N ∈ N, (θ_1, θ_2, . . ., θ_s) ∈ R^s and (a_1, a_2, . . ., a_s) := ([θ_1N], [θ_2N], . . ., [θ_sN]). Then for almost all (θ_1, θ_2, . . ., θ_s) ∈ R^s and for ε > 0 exists C = C(ε, θ_1, θ_2, . . ., θ_s) such that for every nontrivial solution (m_1, m_2, . . ., m_s) ∈ Z^s the congruence

a_1m_1 + a_2m_2 + · · · + a_sm_s ≡ 0 mod N

holds_s ∏ i=1 max(1, |m_i|) > C N^δ , δ = 1 2 + ε . The theorem holds especially for θ_i := e^{ri} with r_i ∈ Q, r_i ≠ 0, i = 1, 2, . . ., s, and r_i ≠ r_k, i ≠ k. Because of their practically not requiring computing time (only s elementary operations are needed) they were called gratis lattice points. The gratis lattice points provide theoretically worse estimations. However the subsequent calculations indicate much better quality than can be proven by theory. It should have been remarked that in [8] were used results from Allan Baker for which he received the fields-medal.

3. Numerical Error

We define the integration error of the quadrature (1) : R(n, h_1, h_2, . . ., h_s, f) := ∫ Gs f(x_1, x_2, . . ., x_s)dx_1dx_2 . . . dx_s − 1 n n∑ k=1 f({ h_1k n }, { h_2k n }, . . ., { h_sk n }), (2) d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 5

where ({ h_1k n }, { h_2k n }, . . ., { h_sk n }) 1 ≤ k ≤ n are good lattice-points.

For fixed n and f we say, that (h_1, h_2, . . ., h_s) is better then (h̃_1, h̃_2, . . ., h̃_s), if for the integration error (2) the inequality |R(n, h_1, h_2, . . ., h_s, f)| ≤ |R(n, h̃_1, h̃_2, . . ., h̃_s, f)| holds.

Hua Loo Keng and Wang Yuan gave in [4] estimators for the numerical error. Theorem: [[4], theorem 8.2] sup f ∈E^2s(C) |R(n, h_1, h_2, . . ., h_s, f)| ≤ CW_2(n, h_1, h_2, . . ., h_s), where

W_2(n, h_1, h_2, . . ., h_s) := 1 n (1 +^{π2}_3 )^s +^2_n n�1_2 ∑ k=1 s∏ ν=1 (1 + 2π^2B_2({^{khν}_n })) − 1, if 2 ̸| n, 1 n (1 +^{π2}_3 )^s +^1_n (1 −^{π2}_6 )^{μ 1}_n (1 +^{π2}_3 )^{s−μ}+ 2 n n 2 −1∑ k=1 s∏ ν=1 (1 + 2π^2B_2({^{khν}_n })) − 1, if 2 | n,

with B_2(x) := x^2 − x +^1_6 , the second Bernoulli polynomial, and μ the number of odd integers of h_ν (1 ≤ ν ≤ s). Theorem: [[4], theorem 8.3] sup f ∈E^4s(C) |R(n, h_1, h_2, . . ., h_s, f)| ≤ CW_4(n, h_1, h_2, . . ., h_s), where

W_4(n, h_1, h_2, . . ., h_s) := 1 n (1 +^{π4}_{45} )^s +^2_n n�1_2 ∑ k=1 s∏ ν=1 (1 −^{2π4}_3 B_4({^{khν}_n })) − 1, if 2 ̸| n, 1 n (1 +^{π4}_{45} )^s +^1_n (1 −^{7π4}_{360} )^{μ 1}_n (1 +^{π4}_{45} )^{s−μ}+ 2 n n 2 −1∑ k=1 s∏ ν=1 (1 −^{2π4}_3 B_4({^{khν}_n })) − 1, if 2 | n,

with B_4(x) := x^4 − 2x^3 + x^2 −^1_{30} , the fourth Bernoulli polynomial, and μ the number of odd integers of h_ν (1 ≤ ν ≤ s).

d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 6

4. Implementation of algorithms

PVM version 3.1 is a widely excepted software system, which is a byproduct of the heterogeneous network research project going on at Oak Ridge National Laboratory and the University of Tennessee. For more information see PVM 3.0 User’s Guide and Reference Manual [2], the versions 3.0 and 3.1 don’t differ for the user.

In 1986 Monika Feldbacher has programmed the algorithms in [1] in FORTRAN-77 and although the codes would run faster nowadays, the needed computing time for high dimensions and large nodes isn’t very reasonable. The codes consisting of do-loops, which represent large sums and minimal-searching over large intervals, are predestined for parallelization. By parting up the computation it is necessary to make sure that the needed data in the isolated parts are independent. So the codes were worked over and parallelism was installed at the outmost possible loop. That means, the computation of that do-loop is distributed in equal parts onto the available machines and with their local results the global solution is formed. In the algorithms K1 and K2 the outmost possible loop is the do-loop which contains the searching process for the minimum of H(z) and H̃(z) on {1, 2, . . ., p − 1}. Similar in K3 it is the do-loop which includes the minimum search of h_ν for fixed ν on {0, 1}^s. By the last two methods we parted each time the computation of h_{rν} . The calculations for the functions W_2 and W_4 were parallelized at the great sums.

5. Computational Results

The following tables show the optimal coefficients computed with the algorithms K1, K2, ..., K5 and the gratis lattice-points. The coefficients (a_1, a_2, . . ., a_s) for the dimensions s = 2, 3, . . ., 9 and the qualifiers W_2(n , a_1, . . ., a_s) and W_4(n , a_1, . . ., a_s) are ordered in groups of similar nodes n, in the groups the qualifier W_2(n , a_1, . . ., a_s) is determining the succession. Algorithm K1 was only carried out up to dimension 5 because of the enormous time used. Some results of method K4 in dimension 10 are appended.

The algorithms K3, K4, K5 and ZG produce good lattice points modulo n = 2^ν. We choose the primes p and p_1, p_2 for the methods K1 and K2 in such a way that p and p_1p_2 are near to 2^ν:

d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 7

ν n = 2^ν p p_1 p_2 p_1 · p_2 10 1024 1021 97 11 1067 11 2048 2053 157 13 2041 12 4096 4093 241 17 4097 13 8192 8191 431 19 8191 14 16384 16381 563 29 16327 15 32768 32771 1129 29 32741 16 65536 65537 1597 41 65477 17 131072 131071 2789 47 131083 18 262144 262139 3917 67 262439 18 262144 262139 4297 61 262177 19 524288 524287 6637 79 52432 20 1048576 1048573 10181 103 1048643 21 2097152 16007 131 2096917 22 4194304 25733 163 4194479 23 8388608 37619 223 8389037 24 16777216 66841 251 16777091

The computing time of the gratis lattice-points is so small, that we never mention. For the computation we take the rational numbers r_i :=^{pi}_{ps+1} 1 ≤ i ≤ s with p_i the i-th prime and we take the next odd integer to θ_iN modulo N to get better qualifiers W_2 and W_4.

For the computations 10 DECstations 5000/33, 7 DECs 3000 AXP/400 and a Silicon Graphics Iris INDIGO were used, but they weren’t always all in action. The last table contains some of the execution times for the dimensions s = 4, ..., 9 and should only gave a hint, because the elapsed time is dependent on the CPU-time other users needed and could therefore vary. For dimension s = 2, 3 the computing time was always lower than 30 seconds. The elapsed time is denoted in hours: minutes: seconds.

The subsequent tables of optimal coefficients contain some hitherto unknown coefficients for some N and dimension s.

d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 8

Dimension s = 2 a = (a_1, a_2)

Alg. n a_1 a_2 W_2(n, a) W_4(n, a) K1 1021 1 374 0.194356 × 10^{−3} 0.115233 × 10^{−8} K2 1067 108 482 0.196192 × 10^{−3} 0.161260 × 10^{−8} ZG 1024 503 841 0.254934 × 10^{−3} 0.389121 × 10^{−8} K3 1024 485 959 0.327062 × 10^{−3} 0.840364 × 10^{−8} K4 1024 1 165 0.327062 × 10^{−3} 0.840364 × 10^{−8} K5 1024 1 165 0.327062 × 10^{−3} 0.840364 × 10^{−8} K1 2053 1 468 0.536956 × 10^{−4} 0.924480 × 10^{−10} K2 2041 108 482 0.100870 × 10^{−3} 0.952935 × 10^{−9} K3 2048 1551 1443 0.126762 × 10^{−3} 0.351612 × 10^{−8} K4 2048 1 1189 0.126762 × 10^{−3} 0.351612 × 10^{−8} ZG 2048 1007 1683 0.290705 × 10^{−3} 0.269507 × 10^{−7} K5 2048 1 1957 0.134353 × 10^{−2} 0.519008 × 10^{−6} K1 4093 1 1715 0.139255 × 10^{−4} 0.465628 × 10^{−11} ZG 4096 2015 3367 0.194784 × 10^{−4} 0.213256 × 10^{−10} K3 4096 2085 1409 0.195680 × 10^{−4} 0.224807 × 10^{−10} K4 4096 1 3237 0.195680 × 10^{−4} 0.224814 × 10^{−10} K5 4096 1 165 0.923135 × 10^{−4} 0.272159 × 10^{−8} K2 4097 108 482 0.113909 × 10^{−1} 0.259174 × 10^{−4} K1 8191 1 2431 0.383950 × 10^{−5} 0.353051 × 10^{−12} K3 8192 373 1903 0.606922 × 10^{−5} 0.306999 × 10^{−11} K4 8192 1 3237 0.606922 × 10^{−5} 0.307243 × 10^{−11} K2 8189 108 482 0.101988 × 10^{−4} 0.125904 × 10^{−10} ZG 8192 4029 6735 0.153432 × 10^{−4} 0.446518 × 10^{−10} K5 8192 1 8101 0.329033 × 10^{−3} 0.311971 × 10^{−7} K1 16381 1 6789 0.105940 × 10^{−5} 0.290878 × 10^{−13} K4 16384 1 11429 0.126114 × 10^{−5} 0.630607 × 10^{−13} K3 16384 4605 5137 0.126114 × 10^{−5} 0.632827 × 10^{−13} K2 16327 108 482 0.174320 × 10^{−5} 0.240918 × 10^{−12} K5 16384 1 14501 0.216837 × 10^{−5} 0.456746 × 10^{−12} ZG 16384 8059 13469 0.296378 × 10^{−5} 0.167910 × 10^{−11} K1 32771 1 12714 0.263451 × 10^{−6} 0.155431 × 10^{−14} K3 32768 12645 21953 0.354180 × 10^{−6} 0.532907 × 10^{−14} K4 32768 1 27813 0.354180 × 10^{−6} 0.888178 × 10^{−14} K5 32768 1 12453 0.571484 × 10^{−6} 0.370814 × 10^{−13} K2 32741 108 482 0.629383 × 10^{−6} 0.426326 × 10^{−13} ZG 32768 16117 26939 0.911803 × 10^{−6} 0.103029 × 10^{−12} d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 9

Dimension s = 3 a = (a_1, a_2, a_3)

Alg. n a_1 a_2 a_3 W_2(n, a) W_4(n, a) K1 1021 1 315 188 0.610325 × 10^{−2} 0.731485 × 10^{−6} K2 1067 108 482 576 0.742573 × 10^{−2} 0.244598 × 10^{−5} K3 1024 869 63 103 0.119105 × 10^{−1} 0.113576 × 10^{−4} ZG 1024 339 547 43 0.156033 × 10^{−1} 0.319418 × 10^{−4} K4 1024 1 421 729 0.398449 × 10^{−1} 0.494181 × 10^{−3} K5 1024 1 165 793 0.754527 × 10^{−1} 0.157446 × 10^{−2} K1 2053 1 430 130 0.195723 × 10^{−2} 0.717199 × 10^{−7} K4 2048 1 1701 473 0.369931 × 10^{−2} 0.100883 × 10^{−5} K3 2048 1829 1919 1447 0.396360 × 10^{−2} 0.145510 × 10^{−5} K2 2041 108 482 542 0.666349 × 10^{−2} 0.501228 × 10^{−5} ZG 2048 677 1095 87 0.948541 × 10^{−2} 0.142899 × 10^{−4} K5 2048 1 1957 277 0.171903 × 10^{−1} 0.970763 × 10^{−4} K1 4093 1 1884 825 0.582591 × 10^{−3} 0.729991 × 10^{−8} K3 4096 2529 123 3443 0.592909 × 10^{−3} 0.633927 × 10^{−8} ZG 4096 1355 2191 175 0.715942 × 10^{−3} 0.130445 × 10^{−7} K4 4096 1 3749 3033 0.116360 × 10^{−2} 0.126849 × 10^{−6} K5 4096 1 165 2565 0.688063 × 10^{−2} 0.190669 × 10^{−4} K2 4097 108 482 4074 0.118056 × 10^{−1} 0.259227 × 10^{−4} K1 8191 1 739 5515 0.166141 × 10^{−3} 0.394274 × 10^{−9} K3 8192 7049 2783 4019 0.235955 × 10^{−3} 0.209458 × 10^{−8} ZG 8192 2709 4383 351 0.393451 × 10^{−3} 0.107410 × 10^{−7} K4 8192 1 3237 5593 0.440828 × 10^{−3} 0.318571 × 10^{−7} K5 8192 1 8101 6537 0.179294 × 10^{−2} 0.814169 × 10^{−6} K2 8189 108 482 5518 0.487685 × 10^{−2} 0.861296 × 10^{−5} K1 16381 1 6943 12347 0.515469 × 10^{−4} 0.350573 × 10^{−10} K3 16384 89 4735 731 0.929320 × 10^{−4} 0.662460 × 10^{−9} ZG 16384 5419 8767 701 0.102845 × 10^{−3} 0.672523 × 10^{−9} K4 16384 1 11429 13785 0.116047 × 10^{−3} 0.110965 × 10^{−8} K5 16384 1 14501 5485 0.126560 × 10^{−3} 0.118335 × 10^{−8} K2 16327 108 482 15795 0.318244 × 10^{−1} 0.488401 × 10^{−3} K1 32771 1 3586 13164 0.152954 × 10^{−4} 0.310219 × 10^{−11} K3 32768 20133 16127 30759 0.213328 × 10^{−4} 0.924927 × 10^{−11} ZG 32768 10837 17533 1401 0.397836 × 10^{−4} 0.876357 × 10^{−10} K2 32741 108 482 27055 0.587101 × 10^{−4} 0.547748 × 10^{−9} K4 32768 1025 165 6617 0.662303 × 10^{−4} 0.684568 × 10^{−9} K5 32768 1 12453 8181 0.112345 × 10^{−3} 0.225675 × 10^{−8} d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 10

Dimension s = 4 a = (a_1, a_2, a_3, a_4)

Alg. n a_1 a_2 a_3 a_4 W_2(n, a) W_4(n, a) K1 2053 1 960 1856 1809 0.302546 × 10^{−1} 0.937361 × 10^{−5} K2 2041 170 1948 303 1383 0.378095 × 10^{−1} 0.359291 × 10^{−4} K3 2048 1901 1321 703 1371 0.387300 × 10^{−1} 0.253972 × 10^{−4} K4 2048 417 133 1657 397 0.450393 × 10^{−1} 0.613866 × 10^{−4} ZG 2048 490 643 1179 1821 0.515407 × 10^{−1} 0.108098 × 10^{−3} K5 2048 1 1957 277 273 0.425478 0.327601 × 10^{−1} K1 4093 1 1238 1862 797 0.101771 × 10^{−1} 0.103172 × 10^{−5} K3 4096 3373 2661 1535 23 0.136748 × 10^{−1} 0.385732 × 10^{−5} K2 4097 258 2128 751 3590 0.154592 × 10^{−1} 0.535198 × 10^{−5} K4 4096 545 2821 2041 525 0.166306 × 10^{−1} 0.116085 × 10^{−4} ZG 4096 817 1285 2357 3643 0.179370 × 10^{−1} 0.214503 × 10^{−4} K5 4096 1 165 2565 281 0.199139 × 10^{−1} 0.236231 × 10^{−4} K1 8191 1 2488 5939 7859 0.375607 × 10^{−2} 0.166362 × 10^{−6} K2 8189 450 6773 3473 5668 0.467299 × 10^{−2} 0.417007 × 10^{−6} K4 8192 2369 4773 6681 2221 0.570976 × 10^{−2} 0.875112 × 10^{−6} K5 8192 1 8101 6537 7129 0.599422 × 10^{−2} 0.129672 × 10^{−5} K3 8192 7789 3557 1983 3239 0.687588 × 10^{−2} 0.214116 × 10^{−5} ZG 8192 1633 2569 4715 7287 0.980895 × 10^{−2} 0.869180 × 10^{−5} K1 16381 1 2994 3629 4623 0.135002 × 10^{−2} 0.285701 × 10^{−7} K2 16327 592 8755 10361 11221 0.228213 × 10^{−2} 0.260240 × 10^{−6} K4 16384 2593 11013 6137 2061 0.234854 × 10^{−2} 0.262061 × 10^{−6} K3 16384 1005 13237 7039 4183 0.345139 × 10^{−2} 0.137009 × 10^{−5} K5 16384 1 14501 5485 15373 0.388405 × 10^{−2} 0.135706 × 10^{−5} ZG 16384 3267 5137 9429 14575 0.611714 × 10^{−2} 0.551483 × 10^{−5} K1 32771 1 3015 12658 18426 0.377521 × 10^{−3} 0.118885 × 10^{−8} K2 32741 1158 3403 2734 25451 0.755661 × 10^{−3} 0.375441 × 10^{−7} K5 32768 1 12453 8181 12733 0.105829 × 10^{−2} 0.814363 × 10^{−7} K4 32768 25633 9037 649 10501 0.127930 × 10^{−2} 0.378605 × 10^{−6} K3 32768 14957 18917 7103 16551 0.212116 × 10^{−2} 0.119873 × 10^{−5} ZG 32768 6533 10275 18857 29151 0.319720 × 10^{−2} 0.326263 × 10^{−5} K3 65536 18137 19393 41115 50195 0.253811 × 10^{−3} 0.192751 × 10^{−8} K2 65477 1638 40359 12618 26684 0.303393 × 10^{−3} 0.356208 × 10^{−8} K5 65536 1 53413 28761 23313 0.312315 × 10^{−3} 0.467638 × 10^{−8} K4 65536 23153 1109 57801 35805 0.356241 × 10^{−3} 0.112559 × 10^{−7} ZG 65536 13067 20549 37713 58301 0.857340 × 10^{−3} 0.593646 × 10^{−7} d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 11

Dimension s = 5 a = (a_1, a_2, a_3, a_4, a_5)

Alg. n a_1 a_2 a_3 a_4 a_5 W_2(n, a) W_4(n, a) K1 8191 1 1386 4302 7715 3735 0.425885 � 10�^1 0.995767 � 10�^5 ZG 8192 1363 2127 3843 5843 2709 0.542835 � 10�^1 0.230092 � 10�^3 K4 8192 3409 7413 5801 3965 961 0.550679 � 10�^1 0.317486 � 10�^4 K2 8189 450 8081 5922 2837 6853 0.579493 � 10�^1 0.652691 � 10�^4 K3 8192 5077 5773 7177 2481 4129 0.655358 � 10�^1 0.128712 � 10�^3 K5 8192 1 6557 1701 733 4669 0.108243 0.176681 � 10�^2 K1 16381 1 7449 5154 11463 10115 0.196388 � 10�^1 0.329361 � 10�^5 K2 16327 592 10818 4077 10352 8248 0.236913 � 10�^1 0.102074 � 10�^4 K3 16384 4829 4205 15897 4197 15681 0.262677 � 10�^1 0.194079 � 10�^4 ZG 16384 2725 4253 7685 11687 5417 0.300346 � 10�^1 0.122440 � 10�^3 K5 16384 1 3209 3613 4669 6365 0.301998 � 10�^1 0.118445 � 10�^3 K4 16384 8817 12949 11977 7709 14049 0.324480 � 10�^1 0.286322 � 10�^4 K2 32741 1158 21517 28492 413 24610 0.786604 � 10�^2 0.100258 � 10�^5 K4 32768 23041 11877 26585 5741 32113 0.998355 � 10�^2 0.222924 � 10�^5 K5 32768 1 3209 13289 9469 13565 0.137982 � 10�^1 0.584361 � 10�^4 K3 32768 4301 19733 4617 12257 2225 0.150898 � 10�^1 0.161194 � 10�^4 K1 32771 1 14887 25267 4291 9440 0.158324 � 10�^1 0.931575 � 10�^5 ZG 32768 5449 8505 15369 23375 10835 0.277742 � 10�^1 0.114417 � 10�^3 K2 65477 1638 37126 10583 16655 51627 0.268882 � 10�^2 0.486649 � 10�^7 K5 65536 1 22165 38665 47157 753 0.335128 � 10�^2 0.156231 � 10�^6 K1 65537 1 21178 37993 18005 15616 0.446423 � 10�^2 0.131361 � 10�^5 ZG 65536 10899 17011 30739 46751 21671 0.781832 � 10�^2 0.268970 � 10�^4 K4 65536 1569 3845 11257 57869 44177 0.856665 � 10�^2 0.105015 � 10�^4 K3 65536 45357 23157 28261 52329 59137 0.114064 � 10�^1 0.158005 � 10�^4 K2 131083 2836 78404 78917 95318 44745 0.138564 � 10�^2 0.126961 � 10�^6 K1 131071 1 17518 43113 22432 12918 0.182845 � 10�^2 0.139725 � 10�^6 ZG 131072 21799 34023 61479 93503 43341 0.254071 � 10�^2 0.131978 � 10�^4 K5 131072 1 63125 91569 51081 76661 0.279375 � 10�^2 0.374621 � 10�^6 K3 131072 101757 15097 119057 129269 130985 0.611459 � 10�^2 0.125612 � 10�^4 K4 131072 73985 76133 111577 37741 100721 0.723521 � 10�^2 0.104696 � 10�^4 K2 262439 3984 183671 49095 177114 178734 0.360927 � 10�^3 0.168888 � 10�^8 K3 262144 72285 181221 174785 258029 61337 0.630115 � 10�^3 0.171929 � 10�^7 ZG 262144 43597 68045 122959 187005 86681 0.820409 � 10�^3 0.605639 � 10�^5 K5 262144 1 106405 114077 130653 163997 0.985996 � 10�^3 0.705109 � 10�^7 K4 262144 3337 254669 43681 206981 142897 0.149599 � 10�^2 0.248633 � 10�^6 K1 262139 1 111802 113267 66322 65536 0.594903 � 10�^2 0.125567 � 10�^4 d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 12

d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 13

d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 14

d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 15

d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 16

d d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 17

dim. and n alg. elapsed time number of machines K1 2:06:18 11 s = 4 K2 22 8 n ≈ 2^{16} K3 24 6 K4 7 11 K5 1:51 9 K1 16:14:08 15 s = 5 K2 2:21 10 n ≈ 2^{18} K3 1:01 10 K4 12 10 K5 10 :01 10 K2 2:47 9 s = 6 K3 2:17 18 n ≈ 2^{18} K4 13 6 K5 13:51 10 K2 4:42:05 15 s = 7 K3 2:47:50 11 n ≈ 2^{23} K4 7:08 11 K5 9:45:34 15 K2 13:23:50 15 s = 8 K3 9:02:24 15 n ≈ 2^{24} K4 9:27 15 K5 25:56:51 15 s = 9 K3 20:22:12 7 n = 2^{24} K4 18:48 7 s = 10 n = 2^{27} K4 2:09:42 16

6. Conclusion

The resulting optimal coefficients for large dimensions and nodes confirm the parallelization of the Korobov’s algorithms with the software package PVM, which is a defacto standard in distributed computing. PVM delivers the inexpensive virtual machine, which appears as large memory computer, by exploiting the existing infrastructure of computer networks. The speed-up is quite linear, although the CPU-time other users needed causes some troud d d d �Œ �*Hj - RIST ++

Research Institute for Software Technology UNIVERSITY OF SALZBURG 18

bles. PVM, which is a byproduct of the heterogeneous network research project going on at Oak Ridge National Laboratory and the University of Tennesse, continues to evolve to meet the needs of users and to keep up with the changing technology. For example, a sophisticated scheduling software is one focus of future research [3].

References

[1] Feldbacher, M., Optimale Koeffizienten: Ihre Qualität im Vergleich zum Zeitaufwand für ihre Berechnung, Diplomarbeit, University of Salzburg (1986)

[2] Geist, A., Beguelin, A., Dongarra, J., Jiang, W., Manchek, R., Sunderam, V., PVM 3.0 User’s Guide and Reference Manual. Tennessee (1993)

[3] Geist, A., PVM 3 Beyond Network Computing. In Volkert Jens, editor, Parallel Computation, Second International ACPC Conference, volume 734 of Lecture Notes in Computer Science, pages 194-203, Gmunden, Austria, October 1993. Springer Verlag, Berlin

[4] Hua Loo, K., Wang, Y., Application of Number Theory to Numerical Analysis.

Springer Verlag, Berlin (1981)

[5] Korobov, N.M., Number-theoretical Methods in Approximate Analysis (in Russian).

Fizmatgiz, Moscow (1963)

[6] Korobov, N.M., On the computation of optimal coefficients. Soviet Math.Dokl. Vol.

26, No. 3 (1982)

[7] Schmitzberger, P., Zinterhof, P., A Kernel of FORTRAN and C package PANNUM for High Dimensional Number Theoretic Quadrature. Technical report, ACPC, University of Salzburg, RIST ++, to appear

[8] Zinterhof, P., A note on gratis lattice points for multidimensional integration. Computing, 38 (1987), pp. 347-353

[9] Zinterhof, P. , Zinterhof jun., P. Searching for Good Lattice Points in parallel. Technical report, ACPC, University of Salzburg, RIST ++, to appear