Rational Parametrizations of the Minkowski Sum of two Quadrics in 3-space

Martin Peternell Institute of Geometry, University of Technology Vienna Wiedner Hauptstraße 8-10, A–1040 Wien, Austria

martin.peternell@geometrie.tuwien.ac.at Keywords: rational parametrization, quadric, Minkowski sum.

We study the Minkowski sum S of two regular quadrics Q_1, Q_2 in real affine 3-space A^3 and will answer the question, under which conditions the Minkowski sum S admits real rational parametrizations and how they can be computed. A regular quadric Q is given by a quadratic equation X^tMX = 0, where M is a real symmetric 4x4 matrix and X = (1, x, y, z)^t is a vector containing the unknowns x, y, z. It is assumed that M has full rank and that Q possesses real points which implies that Q is either an ellipsoid, a paraboloid or a one or two sheet hyperboloid. It is known that any quadric Q is birationally equivalent to the projective plane P^2. By stereographic projection σ : P^2 → Q ⊂ P^3 it is possible to construct rational parametrizations for Q. Quadrics in affine space A^3 possess same properties and σ : A^2 → Q ⊂ A^3 parametrizes Q − {e, f}, where e, f are a pair of real or conjugate complex intersecting lines.

The Minkowski sum S of two sets A, B is defined by S = a + b, a ∈ A and b ∈ B, a, b ∈ A^3. It is known that if A, B are convex then S is convex too and the boundary of S is given by boundary points a ∈ ∂A and b ∈ ∂B whose oriented tangent planes T_a and T_b at a and b respectively, are parallel. If A and B are not convex, the boundary ∂S of S is at least a subset of ∂A + ∂B. In the following we assume A and B to be smooth surfaces, in particular quadrics and concentrate on the computation of the Minkowski sum S of these surfaces.

A pointwise construction of S can be obtained as follows: We look for points a ∈ A and b ∈ B whose oriented tangent planes T_a, T_b are parallel. Then, at least in the convex case, s = a+b is a point of the boundary surface of the Minkowski sum S and the tangent plane T_s at s is parallel to T_a, T_b.

Our problem can be reformulated as follows: Given two quadrics Q_1, Q_2, is it possible to rationally parametrize both of them in a way that the oriented tangent planes T_{q1} and T_{q2} are parallel. More precisely we ask for rational parametrizations q_1(u, v) and q_2(u, v), where q_i parametrizes Q_i, such that the oriented tangent planes to corresponding parameter values (u, v) are parallel. The parameter domain is assumed to be a subset of the affine plane A^2.

At first we notice that if there exists a similarity mapping α (the corresponding linear mapping is a scalar multiple of the identity I) which maps Q_1 onto Q_2, the problem is rather simple since corresponding points q_1, q_2 = α(q_1) with respect to α possess parallel tangent planes T_{q1} , T_{q2} . In particular this holds for spheres Q_1, Q_2.

In some kind similar is the case where Q_1, Q_2 are both paraboloids. These are quadrics which are tangent to the plane at infinity in the projective extension P^3 of A^3. It can be shown that the computation of rational parametrizations q_1, q_2 for which the parallelity of T_{q1} and T_{q2} holds, is a linear problem.

At second we observe that the problem is invariant with respect to affine transformations. Suppose that Q_2 is an ellipsoid, we assume it to be given by the equation Q_2 : x^2 + y^2 + z^2 − 1 = 0.

From a Euclidean point of view Q^2 equals the unit sphere S^2 and the Minkowski sum S is nothing else but the outer offset surface (outer parallel surface) of Q_1. It has been proved earlier that the offset surfaces of quadrics admit rational parametrizations, see [4]. Further, this indicates a kinematic generation of the Minkowski sum S. It has to be noticed that the outer offset S is not a rational surface in the common sense (birationally equivalent to P^2), since its algebraic closure contains in general also the inner offset as a second component. Nevertheless, there exist real rational parametrizations of the outer offset S which shall be called improper, since the inverse mapping is in general no longer rational.

Theorem 1 The Minkowski sum S of a regular quadric Q_1 and an ellipsoid Q_2 is affinely equivalent to an outer offset of Q_1 and it admits rational parametrizations.

If Q_1 and Q_2 are both regular ruled quadrics (which contain one dimensional subspaces) it is already proved in [3] that their Minkowski sum S = Q_1 +Q_2 admits rational parametrizations. Moreover, this property holds for general rational non developable ruled surfaces Q_1, Q_2.

Finally it shall be proved that the more general statement holds:

Theorem 2 The Minkowski sum S of two regular quadrics Q_1, Q_2 in affine space A^3 admits rational parametrizations.

References

[1] Landsmann, G., Schicho, J., Winkler, F. and Hillgarter, E.: Symbolic Parametrization of Pipe and Canal Surfaces, Proc. ISSAC–2000, ACM Press, 194–200.

[2] Landsmann, G., J. Schicho, J. and Winkler, F.: The Parametrization of Canal Surfaces and the Decomposition of Polynomials into a Sum of Two Squares. J. of Symbolic Computation, 32(1-2):119-132, 2001.

[3] Mühlthaler, H. and Pottmann, H.: Computing the Minkowski sum of ruled surfaces, Technical Report No. xx, Vienna Univ. of Technology, 2002.

[4] Peternell, M. and Pottmann, H.: A Laguerre geometric approach to rational offsets, Computer Aided Geometric Design 15 (1998), 223–249.

[5] Peternell, M.: Rational Parametrizations for Envelopes of Quadric Families, PhD Thesis, Vienna Univ. Technology, 1997.

[6] Sendra, J.R. and Sendra, J.: Rationality Analysis and Direct Parametrization of Generalized Offsets to Quadrics, Applicable Algebra in Engineering, Communication and Computing 11(2): 111-139 (2000).