C^1 Spline Implicitization of Planar Curves

B. Jüttler^⋆, J. Schicho^{⋆⋆}, M. Shalaby^{⋆⋆}

⋆ Institute of Analysis, Dept. of Applied Geometry ⋆⋆ Research Institute for Symbolic Computation Johannes Kepler University, Linz, Austria

bert.juettler@jku.at,

{jschicho, shalaby}@risc.uni-linz.ac.at

Abstract

In CAGD, there are two possibilities to define planar curves: the implicit form f(x, y) = 0, or by parametric equations x = x(t)/w(t) and y = y(t)/w(t) where x(t), y(t), and w(t) are polynomials. Both the parametric and implicit representation have its own advantages. The availability of both often results in simpler computation. For example, if both implicit and parametric representation are available, the intersection of two curves is obtained easier than if only implicit or parametric representation is available.

¿From classical algebraic geometry, it is known that each rational parametric curve has an implicit representation, while the converse is not true. The process of converting the parametric equation into implicit form is called implicitization. A number of established methods for exact implicitization exists: Resultants [4], Gröbner bases [1], and Moving curve and surface [9].

However, exact implicitization has not found widespread use in CAGD. This is in part due to the following facts:

• Exact implicitization often produces large data volumes.

• Exact implicitization process is relatively complicated, especially, in the case of high polynomial degree.

• A single exact implicitized parametric curve may have unwanted components or self intersections.

For these reasons, approximate implicitization has been proposed. A number of methods are available for approximate implicitization: Montaudouin and Tiller [8] employed a power series method to obtain local explicit approximation (about a regular point) to polynomial parametric curves and surfaces. Chuang and Hoffmann [3] extend this method using what they called “implicit approximation”. Dokken [5] proposed a new way to approximate the parametric curve and surface, globally, in the sense that the approximation is valid within the whole domain of the curve segment or surface patch. Sederberg et al. [10] employed monoid curves and surfaces to find an approximate implicit equation and approximate inversion map of a planar rational parametric curve or a rational parametric surface .

This paper discusses the problem of constructing what we call a spline implicitization for planar curves: a partition of the plane into polygonal pieces, and an implicit polynomial for each piece. On the boundaries, these polynomial pieces are joined together with C^m continuity for suitable choice of m.

Recall that the parametric and implicit representations of a planar curve have the same polynomial degree n. However, the number of the coefficients in the parametric case is 2(n + 1) while it is (n + 1)(n + 2)/2 in the implicit case, i.e., in the implicit case, high polynomial degree will lead to expensive computation.

Therefore, the main goal of this paper is to find a C^1 low degree spline implicit representation of a given parametric planar curve. We extend our technique proposed in [6]. First, to ensure the low degree condition, quadratic B-splines are used to approximate the given curve via orthogonal projection in Sobolev spaces. Adaptive knot removal, which is based on spline wavelets [2], is used to reduce the number of segments. The resulting quadratic B-spline segments are implicitized. These implicitized quadratic segments are joined together with C^0 continuity along suitable transversal lines. Using results from classical differential geometry [7], the asymptotic behavior of these transversal lines for small step size is analyzed. We showed that these lines are always well behaved, except at inflections of the original curve.

Finally, by multiplying with suitable polynomial factors, the segments are joined with C^1. The main problem was to “localize” the construction, as otherwise the degree of the implicit representation would depend on the number of segments. In order to localize the construction, we introduce some additional partition lines and multiply each segment by a piecewise quadratic multiplier, defined as a quadratic polynomial in each sub-patch. In this case, we get a global C^1 spline curve of degree 4. As an advantage, we have a smaller data volume compared with the case of exact implicitization.

References

[1] B. Buchberger, Application of Gröbner bases in non-linear computational geometry, Mathematical Aspects of Scientific Software(J. Rice, Ed.), Springer-Verlag, New York/Berlin, 1988.

[2] C. K. Chui and E. Quak, Wavelets on a bounded interval, Numerical Methods in Approximation Theory, D. Braess, L. L. Schumaker (eds.), Birkhauser Verlag, Basel, 1992, volume 9; pp. 53–75.

[3] J. H. Chuang and C. M. Hoffmann, On local implicit approximation and its application, ACM Trans. Graphics 8, 4, 1989, pp 298-324.

[4] D. Cox, J. Little, and D. O’Shea, Ideals, varieties and Algorithms, Springer-Verlag, New York, 1997.

[5] T. Dokken,Approximate implicitization, Mathematical Methods in CAGD, T. Lyche, L. L. Schumaker (eds.), Vanderbilt University Press, Nashville & London, 2001.

[6] B. Jüttler, J. Schicho and M. Shalaby, C^0 spline Implicitization of Planar Curves, submitted to Curves and Surfaces 2002.

[7] E. Kreyszig, Differential geometry, Dover, Toronto, 1991.

[8] Y. de Montaudouin, W. Tiller, and H. Vold, Application of power series in computational geometry, CAD 18, 10, 1986, pp 93-108.

[9] T. W. Sederberg and F. Chen, Implicitization using moving curves and surfaces, Computer Graphics (SIGGRAPH 95 Conference Proceedings)(R. Cook, Ed.), Vol. 29, pp. 301-308. Addison-Wesley, Reading, MA, 1995.

[10] T. W. Sederberg, J. Zheng, K. Klimaszewski and T. Dokken, Approximate Implicitization Using Monoid Curves and Surfaces, Graphical Models and Images processing 61, 1999,pp 177-198.