Implicitization of Curves Parameterized by Generalized Trigonometric Polynomials.^�

Hoon Hong Research Institute for Symbolic Computation Johannes Kepler University A-4040 Linz, Austria e-mail: hhong@risc.uni-linz.ac.at

Abstract

Consider a plane curve given parametrically by a generalized trigonometric polynomial, that is, x + iy = ∑_n k=1 a_ke^{ikθ}. In this paper, we obtain an implicitization of the curve, that is, an equation in x and y which captures all the points on the curve and, if any, only finitely many more points.

1 Introduction

Generalized trigonometric polynomials, ∑_n k=1 a_ke^{ikθ}, a_k, θ ∈ R, are interesting and important mathematical objects. They have a very natural interpretation as the superpositions of rotating vectors (often called phasers) on a plane, having applications in numerous areas such as linear differential equations, Fourier analysis, almost periodic functions, representation of groups, electrical circuit analysis, caustics in fracture mechanics, etc.

Consider the trajectory of a generalized trigonometric polynomial on the complex plane. It defines a curve given by x + iy = n∑ k=1 a_ke^{ikθ}. Written by components, we obtain x = n∑ k=1 a_k cos kθ

y = n∑ k=1 a_k sin kθ. Thus, we can view it as a real plane curve given parametrically in θ.

�This research was done in the framework of the European project POSSO.

In this paper, we study the implicitization of this curve, that is, we would like to find an equation in x and y that captures all the points on the curve (and if any, only finitely many more points).

One could tackle the problem as follows: (1) Rewrite cos kθ and sin kθ as polynomials in cos θ and sin θ. (2) Parameterize cos θ and sin θ by the usual rational parameterization of a circle, obtaining a rational parameterization of the curve. (3) Implicitize the rational parameterization by using general methods in computational algebraic geometry such as Buchberger’s Groebner basis method [1, 2, 7, 11, 8], Collins’ cylindrical algebraic decomposition method [5, 9, 6], Ritt-Wu’s characteristic set method [12], etc.

However one can often devise a more efficient method for a particular problem class by taking advantage of its special structure. This is what we do in this paper. By utilizing the particular structure of trigonometric polynomial, we devised a much simpler and computationally cheaper method.

In essence, we show that the resultant of the following two polynomials with respect to z gives an implicitization of the curve: −(x + iy) + n∑ k=1 a_kz^k

−(x − iy)z^n + n∑ k=1 a_kz^n�^k.

There is no magic about this form, since the first polynomial can be obtained by simply naming e^{iθ} with z, and the second polynomial can be obtained by conjugating the first one and multiplying out the common denominator. Further, it is straightforward to show that the resultant captures all the points on the curve.

Non-triviality lied in showing that it captures only finitely many more points, if any (or equivalently showing that it is irreducible). Thus, the proof of this fact is the main contribution of this paper. We also show that the resultant is a real polynomial, even though its definition involves complex numbers.

The structure of the paper is as follows: In Section 2, we review several classical results on resultants which will be used heavily in Section 4. In Section 3, we state more precisely the implicitization method informally described above. In Section 4, we prove that the method indeed gives implicitization. In Section 5, we give a small example arising from the theory of caustics in fracture mechanics.

2 Review of Resultants

In this section, we review some well known facts about resultants. For a nice summary on the subject, see [4] where one can also find an efficient method for computing resultants.

Consider two polynomials A, B ∈ C [x_1, . . . , x_ν] such that A = m∑ k=0 A_k(x_1, . . . , x_ν�_1)x^k_ν

B = n∑ k=0 B_k(x_1, . . ., x_ν�_1)x^k_ν

where A_m and B_n are non-zero polynomials and m, n ≥ 0. Definition 1 (Resultant) The resultant of A and B with respect to x_ν , written as res_{x˚} (A, B), is the determinant of the (Sylvester) matrix:

A_m A_m�_1 · · · A_0 A_m A_m�_1 · · · A_0 · · · · · · · · · · · · A_m A_m�_1 · · · A_0 B_n B_n�_1 · · · B_0 B_n B_n�_1 · · · B_0 · · · · · · · · · · · · B_n B_n�_1 · · · B_0

in which there are n rows of A coefficients, m rows of B coefficients, and all elements not shown are zero. �

The following classical theorems will be used in the subsequent sections.

Theorem 1 (Projection of solution) Let C = res_{x˚} (A, B) ∈ C [x_1, . . . , x_ν�_1]. Let (p_1, . . . , p_ν) ∈ C^ν be such that

A(p_1, . . . , p_ν) = 0 B(p_1, . . . , p_ν) = 0

Then we have

C(p_1, . . . , p_ν�_1) = 0. �

Theorem 2 (Extension of solution) Let C = res_{x˚} (A, B) ∈ C [x_1, . . . , x_ν�_1]. Let (p_1, . . ., p_ν�_1) ∈

C^{ν�1} be such that

C(p_1, . . . , p_ν�_1) = 0.

Then one of the followings holds:

(a) A_m(p_1, . . . , p_ν�_1) = 0 and B_n(p_1, . . . , p_ν�_1) = 0. (b) A_i(p_1, . . . , p_ν�_1) = 0 for m ≥ i ≥ 0. (c) B_i(p_1, . . . , p_ν�_1) = 0 for n ≥ i ≥ 0. (d) There exists a p_ν ∈ C such that

A(p_1, . . . , p_ν) = 0 B(p_1, . . . , p_ν) = 0. �

Theorem 3 (Commutativity of evaluation) Let (p_1, . . . , p_ν�_1) ∈ C^ν�^1 be such that

0 ≠ A_m(p_1, . . . , p_ν�_1) 0 ≠ B_n(p_1, . . . , p_ν�_1). Let A�_{= A(p1, . . ., pν}�_{1, xν)} B�_{= B(p1, . . . , pν}�_{1, xν).} Let C = res_{x˚} (A, B)

C�_{= resx˚ (A}�_{, B}�_{).}

Then we have

C�_{= C(p1, . . ., pν}�_{1).} �

3 Implicitization

Consider a curve given parametrically by x = n∑ k=1 a_k cos kθ (1)

y = n∑ k=1 a_k sin kθ. where a_1, . . . , a_n, θ ∈ R and a_n ≠ 0.

Let F, G ∈ C [x, y, z] be defined by F = −(x + iy) + n∑ k=1 a_kz^k

G = −(x − iy)z^n + n∑ k=1 a_kz^n�^k.

Let H ∈ C [x, y] be defined by H = res_z(F, G), that is, H is the determinant of the matrix:

a_n a_n�_1 · · · a_1 a_0

a_n a_n�_1 · · · a_1 a_0 · · · · · · · · · · · · · · · a_n a_n�_1 · · · a_1 a_0 a_0 a_1 · · · a_n�_1 a_n

a_0 a_1 · · · a_n�_1 a_n · · · · · · · · · · · · · · · a_0 a_1 · · · a_n�_1 a_n where a_0 = −(x + iy) and a_0 = −(x − iy), where the upper bar stands for complex conjugation.

We claim that the polynomial H gives an implicitization of the curve defined by the equations (1). More in detail, we claim Theorem 4 (Implicitization)

• H = 0 captures all the points on the curve. • H = 0 captures, if any, only finitely many more points.

• H is a real polynomial, that is H ∈ R[x, y]. The next section is devoted in proving the claims.

4 Proof

First we show that H captures all the points on the curve. More precisely, let

S = { (x, y) ∈ R^2 | (∃θ ∈ R) x = ∑_n k=1 a_k cos kθ y = ∑_n k=1 a_k sin kθ } T = { (x, y) ∈ R^2 | H(x, y) = 0 }. Theorem 5 (Containment) S ⊆ T . � Proof.

Let (p, q) ∈ S. We need to show that (p, q) ∈ T . First note that from the definition of S, there must exist t ∈ R such that p = n∑ k=1 a_k cos kt

q = n∑ k=1 a_k sin kt. By using the elementary fact: cos t + i sin t = e^{it}, we obtain p + iq = n∑ k=1 a_ke^{ikt}

p − iq = n∑ k=1 a_ke�^{ikt}.

By moving the left hand sides to the right and by multiplying e^{int} to the second equation, we obtain

0 = −(p + iq) + n∑ k=1 a_ke^{ikt}

0 = −(p − iq)e^{int} + n∑ k=1 a_ke^{i(n}�^{k)t}. Note that the right hand sides are the polynomials F and G evaluated at p, q, e^{it}. Let r denote e^{it}. Then, we have F (p, q, r) = 0 G(p, q, r) = 0 By Theorem 1, we immediately have H(p, q) = 0. Thus, (p, q) ∈ T. �

Now one might wonder whether S = T . Unfortunately this is not true in general, as illustrated by the following counter example:

x = 5/2 cos θ − cos 2θ y = 5/2 sin θ − sin 2θ.

The associated polynomial H is − 21 4 − 33 4 x^2 − 33 4 y^2 + x^4 + 2x^2y^2 + y^4 + 25 2 x. A simple calculation shows that the point (1, 0) is on the curve T given by H = 0, but it is not on the curve S given by the parametric equations. In fact, in this particular case, we have T − S = {(1, 0)}. Observe that the set {(1, 0)} is a finite set. Thus one naturally wonders whether T −S is always a finite set. The following theorem gives an affirmative answer.

Theorem 6 (Finite Exceptions) T − S is a finite set. �

Proof.^1

Let (p, q) ∈ T − S. Since (p, q) ∈ T , we have H(p, q) = 0. 1From the basic facts of algebraic geometry, one sees that the finite exception property is equivalent to the irreducibility

of H. Thus we have initially tried to prove the irreducibility of H, but without success. The proof given here directly shows

the finite exception property (thus providing an indirect proof of the irreducibility of H).

Now we recall Theorem 2. Since a_n ≠ 0, we have

F_n(p, q) = a_n ≠ 0 G_0(p, q) = a_n ≠ 0.

Thus only the case (d) applies, and we conclude that there exists r ∈ C such that F (p, q, r) = 0 G(p, q, r) = 0. From the definition of F and G, we have p + iq = n∑ k=1 a_kr^k (2)

(p − iq)r^n = n∑ k=1 a_kr^n�^k.

By multiplying the first equation by r^n, we obtain

(p + iq)r^n = n∑ k=1 a_kr^kr^n

(p − iq)r^n = n∑ k=1 a_kr^n�^k.

Thus, we have ∑_n k=1 a_kr^kr^n = (p − iq)r^n = n∑ k=1 a_kr^n�^k.

By collecting the both sides into one, we get 0 = n∑ k=1 a_k(r^kr^n − r^n�^k)

= n∑ k=1 a_k(r^kr^k − 1)r^n�^k. (3)

Now we claim that rr ≠ 1. Assume otherwise. Then there exists t ∈ R such that r = e^{it}. From the equation (2), we have p + iq = n∑ k=1 a_ke^{ikt}. So, we should have p = n∑ k=1 cos kt

q = n∑ k=1 sin kt.

Thus, (p, q) ∈ S. But this contradicts the initial assumption that (p, q) ∈ T − S. Thus, we have proved the claim that rr ≠ 1.

Since rr ≠ 1, we can divide the equation (3) safely by rr − 1, obtaining 0 = n∑ k=1 a_k((rr)^k�^1 + · · · + rr + 1)r^n�^k.

Now from Lemma 1 (which is given right after this proof), we see that only finitely many values of r can satisfy the equation. Thus there are only finitely many values for (p, q). So we have finally proved that T − S is a finite set. �

Now we state and prove a technical lemma that was needed in the proof of the above theorem.

Lemma 1 (Finite Solution) Let a_1, . . . , a_n ∈ R and a_n ≠ 0. Let

P (r) = n∑ k=1 a_k((rr)^k�^1 + · · · + rr + 1)r^n�^k.

Then the equation P (r) = 0 has only finitely many solutions in C . �

Proof. The whole proof will essentially consists of proving the following two claims:

C1: There are only finitely many solutions on any circle centered at the origin of the complex plane. Precisely, for all ρ ∈ R, the set {r ∈ C | P (r) = 0, ρ = rr} is finite.

C2: There are only finitely many circles (centered at the origin) containing a solution. Precisely, the set {rr | P (r) = 0} is finite.

From these two, one immediately sees that there can be only finite many solutions for P (r) = 0.

Now we begin by proving the claim C1. Let ρ = rr. Then

P (r) = n∑ k=1 a_k(ρ^k�^1 + · · · + 1)r^n�^k. (4)

Note that the trailing coefficient of P is

a_n(ρ^n�^1 + · · · + 1).

This is non-zero since a_n ≠ 0 and ρ ≥ 0. So for every value of ρ, P (r) is a non-zero polynomial in r, and thus it has only finitely many solutions. Hence we have proved the claim C1.

Next we will prove the claim C2. Conjugating the equation P (r) = 0, we obtain 0 = n∑ k=1 a_k(ρ^k�^1 + · · · + 1)r^n�^k.

Multiplying by r^n�^1, we obtain 0 = n∑ k=1 a_k(ρ^k�^1 + · · · + 1)r^n�^kr^n�^1.

= n∑ k=1 a_k(ρ^k�^1 + · · · + 1)ρ^n�^kr^k�^1. (5)

Summarizing, we have obtained two equations:

0 = A(ρ, r) = n∑ k=1 a_k(ρ^k�^1 + · · · + 1)ρ^n�^kr^k�^1.

0 = B(ρ, r) = n∑ k=1 a_k(ρ^k�^1 + · · · + 1)r^n�^k.

Now we will show that the resultant of the two polynomials A, B with respect to r is a non-zero polynomial in ρ. We will do so by showing that it is nonzero when evaluated at ρ = 0. For this, we need to be cautious about the possibility that some of a_k’s might be zero. Thus let us assume, without losing any generality, that

a_1 = a_2 = · · · = a_μ�_1 = 0, a_μ ≠ 0

for some μ such that 1 ≤ μ ≤ n.

Now we will apply Theorem 3 by evaluating ρ to be 0. Let L_A, L_B ∈ C [ρ] be the leading coefficients of A and B in r respectively. Then we have

L_A = a_n(ρ^n�^1 + · · · + 1) L_B = a_μ(ρ^μ�^1 + · · · + 1)

Since a_n ≠ 0 and a_μ ≠ 0, we see that

0 ≠ L_A(0) 0 ≠ L_B (0). Let A�_{= A(0, r)} B�_{= B(0, r).} Let C = res_r (A, B)

C�_{= resr (A}�_{, B}�_{).}

By Theorem 3, we have

C�_{= C(0). (6)}

Now we will show that C� is non-zero (and thus that C is a non-zero polynomial). By the definition of resultant, we see that C� is the determinant of the matrix: a_n a_n · · · a_n a_μ · · · · · · a_n�_1 a_n a_μ · · · · · · a_n�_1 a_n · · · · · · · · · · · · · · · a_μ · · · · · · a_n�_1 a_n Note that it is a lower triangular matrix, and thus its determinant is the product of the diagonal elements, that is, a certain power of a_n in this case. Since a_n ≠ 0, the determinat C� is also non-zero.

Recalling the relation (6), we conclude that C is a non-zero polynomial. Therefore, there can only finitely many values for ρ. Thus, we have proved the claim C2. �

Now, we show that the polynomial H has only real coefficients, that is, H ∈ R[x, y], in spite of the fact that its definition involves imiginary numer unit i. In fact, we will prove a more general result.

Let F and G be two polynomials in C [x_1, . . . , x_ν] such that F = n∑ k=0 F_kx^k_ν

G = n∑ k=0 F_kx^n�^k_ν

where F_k ∈ C [x_1, . . . , x_ν�_1] and F_k is the complex conjugate of F_k (in the sense that the coefficients of F_k are replaced by their complex conjugates). Let H = res_{x˚} (F, G).

Note that in this paper, we are interested only in a particular case where ν = 3, x_1 = x, x_2 = y, x_3 = z and F_k = { a_k for k ≥ 1 −(x + iy) for k = 0.

But the following result holds in general.

Theorem 7 (Real) H ∈ R[x_1, . . . , x_ν�_1]. �

Proof. We will show that H = H. From the definition of resultant, we have

H = det F_n · · · · · · F_0 · · · · · · · · · · · · F_n · · · · · · F_0 F_0 · · · · · · F_n · · · · · · · · · · · · F_0 · · · · · · F_n By flipping the matrix left-right (which can be done by n swapping of columns), we obtain

H = det F_0 · · · · · · F_n · · · · · · · · · · · · F_0 · · · · · · F_n F_n · · · · · · F_0 · · · · · · · · · · · · F_n · · · · · · F_0 (−1)^n

By flipping the matrix top-down (which can be done by n swapping of rows), we obtain

H = det F_n · · · · · · F_0 · · · · · · · · · · · · F_n · · · · · · F_0 F_0 · · · · · · F_n · · · · · · · · · · · · F_0 · · · · · · F_n (−1)^{2n}

Since the conjugate operation commutes with determinant operation, we have

H = det F_n · · · · · · F_0 · · · · · · · · · · · · F_n · · · · · · F_0 F_0 · · · · · · F_n · · · · · · · · · · · · F_0 · · · · · · F_n Thus we finally have H = H. �

5 An Example

In this section, we give a simple example arising from the theory of caustics in the facture mechanics, namely

x = cos 2θ + 2/3 cos 3θ y = sin 2θ + 2/3 sin 3θ.

In [10] Ioakimidis and Anastasselou tackled the problem of implicitization this curve by using Groebner basis method [1, 2], obtaining a result in about 5 minutes using the computer algebra system Maple V [3] running on 80386 DX MS-DOS microcomputer at 20 MHz.

Using the method described in the present paper, this can be done by simply computing the determinant of the following matrix:

2/3 1 a_0

2/3 1 a_0

2/3 1 a_0 a_0 1 2/3

a_0 1 2/3

a_0 1 2/3

where a_0 = −(x + iy) and a_0 = −(x − iy). This is small enough for even hand caculation. However, just for comparision, we have carried out the determinant computation using the same computer algebra system on the same machine. We obtained the same polynomial (upto some constant factor) as in [10]:

−^{80}_{729} +^8_9 x −^{55}_{27} x^2 −^{55}_{27} y^2 +^{10}_3 x^4 +^{20}_3 x^2y^2 +^{10}_3 y^4

−3y^2x^4 − 3x^2y^4 − x^6 − y^6

in about 300 milli-seconds.

Now one wonders whether the polynomial captures any points not from the curve. In order to resolve this question, we recall the polynomial from Theorem 1:

P (r) = n∑ k=1 a_k(rr)^k�^1 + · · · + rr + 1)r^n�^k.

If this polynomial does not have any root with nonunit magnitude in C , then we can conclude that the implicitization does not introduce any new points. In fact, it is the case with the current example as we will show now.

For the example, n = 3, a_1 = 0, a_2 = 1, a_3 = 2/3. Thus, we need to study the equation

0 = 2/3((rr)^2 + rr + 1) + (rr + 1)r. (7)

Since rr is a non-negative real number, r must be a real number. Thus, we can drop the conjugation, obtaining

0 = 2/3r^4 + r^3 + 2/3r^2 + r + 2/3.

It has only one real root −1, but which is of unit magnitude. Thus, the equation (7) does not have a root of non-unit magnitude. Hence we conclude that the implicitization does not introduce any new points.

Acknowledgment: The work reported here was initially motivated by a personal communication and in particular by the paper sent by Nikolaos I. Ioakimidis. The example of caustic equation is taken from his paper (co-authored with Anastasselou). I also thank Joseph Schicho and Bernhard Wall for various interesting discussions on the subject.

References

[1] B. Buchberger. An Algorithm for Finding a Basis for the Residue Class Ring of a Zero- Dimensional Polynomial Ideal. PhD thesis, Universitat Innsbruck, Institut fur Mathematik, 1965. German.

[2] B. Buchberger. Groebner bases: An algorithmic method in polynomial ideal theory. In N. K. Bose, editor, Recent Trends in Multidimensional Systems Theory, chapter 6. D. Riedel Publ. Comp., 1985.

[3] B. W. Char, K. O. Geddes, G. H. Gonnet, and S. M. Watt. Maple User’s Guide. WATCOM Publications Limited, 4th edition, 1985.

[4] G. E. Collins. The calculation of multivariate polynomial resultants. J. ACM, 18:515–532, 1971.

[5] G. E. Collins. Quantifier elimination for the elementary theory of real closed fields by cylindrical algebraic decomposition. In Lecture Notes In Computer Science, pages 134–183. Springer- Verlag, Berlin, 1975. Vol. 33.

[6] G. E. Collins and H. Hong. Partial cylindrical algebraic decomposition for quantifier elimination. Journal of Symbolic Computation, 12(3):299– 328, September 1991.

[7] X.-S. Gao and S.-C. Chou. Implicitization of Rational Parametric Equations. J. Symb. Comput., 14: pages 459–470, 1992.

[8] C. M. Hoffmann. Geometric and Solid Modelling – an Introduction. Morgan Kauffmann Publisher, San Mateo, California, 1989.

[9] H. Hong. Improvements in CAD–based Quantifier Elimination. PhD thesis, The Ohio State University, 1990.

[10] N. I. Ioakimidis and E. G. Anastasselou. Derivation of the Equation of Caustics in Cartesian Coordiantes with Maple. Engineering Fracture Mechanics, 48(1):147–149, 1994.

[11] M. Kalkbrener. Implicitization of Rational Curves and Surfaces. In Sakata, editor, Lect. Notes in Comp. Sci. 508, AAECC-8, Tokyo, Japan, Aug. 1990.

[12] W. T. Wu. Basic principles of mechianical theorem proving in elementary geometries. Journal of Automated Reasoning, 2:221–252, 1986.