Explaining Schwarz’s lodef algorithm with examples

Rahul Ramesh Athale and Glauco Alfredo López Díaz^∗ Research Institute for Symbolic Computation Johannes Kepler University A-4040 Linz,Austria E-mail: athale,gdiaz@risc.uni-linz.ac.at

November 27, 2003

1 Introduction

To every linear homogeneous ordinary differential equation

L(y) = y^{(n)} + a_1y^{(n−1)} + · · · + a_{n−1}y^′ + a_ny = 0,

one can associate the linear operator: L(D)[y] = ( D^n + a_1D^{n−1} + · · · + a_{n−1}D + a_n ) [y]. Here, D^i is another notation for the i-th derivative of y, and the coefficients a_i belong to a differential field K. Such an operator is called a linear homogeneous differential operator either over K, or with coefficients in K. Linear homogeneous differential operators over K form a ring under the usual addition of operators and composition as multiplication. Problem:

Decompose L as a product of operators of lower degree in D. We allow expressions algebraic over K. Methods:

Rational solutions:

Rational solutions are functions in K. To decompose the operators of this class, Liouville [1833a,b] already gave an algorithm, but only when K is a rational function field. More general versions have been presented by Singer [1991] and Bronstein [1992]. To solve scalar equations, there are implementations by Abramov and Bronstein in Maple

∗Supported by project det, Fonds zur Förderung der wiss. Forschung, P16357-N04

and Bernina. To solve matrix equations, there is an implementation by M. Barkatou in Isolde. Both cases are restricted to the field Q (z) of rational functions in z with coefficients in the algebraic closure of Q. In particular, there are problems with parameters.

Liouvillian solutions:

An elementary function of a variable x is a function that can be obtained from the rational functions in x by repeatedly adjoining a finite number of nested logarithms, exponentials, and algebraic numbers and functions. Since √ −1 is elementary, the trigonometric functions and their inverses are also elementary, as well as all the usual functions of calculus.

A Liouvillian function of x is a function that can be obtained like a elementary function except that arbitrary antiderivatives are allowed instead of logarithms in their construction. For example, sin ( x + tan(x^3 − √ x^3 − x + 1) )

is elementary, while the error function erf(x) = 2 √ π ∫ e^{−x2} dx is Liouvillian but not elementary, and the Bessel functions defined as the fundamental solutions of

x^2 d^2y dx^2 + x dy dx + (ϵx^2 − v^2) = 0

where ϵ = ±1, are not Liouvillian (and therefore not elementary). Liouvillian solutions are functions that can be constructed by successively substituting nested algebraic functions, integrals and exponentials of integrals of such functions. An example of such a construction is x √ x −−→ √ x^e ∫ −→ exp [∫ √ x ] . This class of functions includes also functions like the trigonometric functions and logarithms. In principle, it consists of nearly all closedform functions. An important exception are the Bessel functions and other special functions.

For order two equations the method is given by Kovacic [1986], with small improvements by Weil [1994]. For order three, the methods are given by Singer and Ulmer [1993]. There are algorithms for certain steps like:

• Computing invariants: Algorithms are given by van Hoeij and Weil [1997], these algorithms are not implemented. Presently, Bronstein is working on an implementation.

• Computing symmetric powers of an order two equation: There are algorithms by Bronstein, Mulders, and Weil [1997]. An implementation of the last three authors and van Hoeij exists in Maple. In particular, Weil has simplified the code of van Hoeij. In Bernina there are implementations by Bronstein.

• Factoring an invariant: There is an algorithm, which computes one semi-invariant that factors into linear forms and computes the minimal polynomial of an algebraic solution of the Riccati equation by van Hoeij, Ragot, Ulmer, and Weil [1999].

Algebraic solutions:

Algebraic solutions are functions that lie in an algebraic extension of K; i.e., they satisfy an irreducible polynomial over K. An example for this class is^3 √ 1 − √ 3. Many renowned mathematicians like Pépin [1881], Fuchs [1875, 1878], Klein and Jordan [1878] were searching for an algorithm for algebraic solutions. Today, there exists an algorithm by Singer [1979] with some improvements in Singer and Ulmer [1993], but it is far from being satisfactory because it is very expensive; in this case one needs to substitute a minimal polynomial decomposed into invariants in the differential equation. Another method from Fakler [1997] combines Liouvillian solutions with the algebraic case of Risch’s algorithm (see Bronstein [1997]), it has not been implemented.

Factorization:

• The eigenring method: The eigenring of a differential equation L = 0 is the finite dimensional C-Algebra of all the endomorphisms of the equation, where C is the subfield of constants of K. This eigenring is the set of all rational solutions of other differential equations associated to L. If this eigenring is not too trivial, then some factorizations of L can be deduced from it. The method was introduced by Singer [1996] and has been improved by van Hoeij [1997a].

• First order factors of exponential solutions: An exponential solution is a function whose logarithmic derivative lie in K. If y is a solution, then^{y′}_y is its logarithmic derivative. An example is y = exp(x^3) since^{y′}_y = 3x^2 lies in K. Exponential functions form the most important subclass of Liouvillian functions, without an algorithm for them, it is not possible to give an algorithm for

Liouvillian solutions. Fortunately, there are algorithms for exponential solutions. The very first one is from Beke [1894]. For the formal case, van Hoeij [1997b] has implemented classical methods. Factorizations over Q (z) are based on the formal case.

• Full factorizations: Recent work of Tsarev [1996] combined the local formal factorization of the previous case with the classical work of Beke [1894].

Dividing functions into one of these classes is not always unique; e.g., for the function y = √ x, it is possible to attach it either to the algebraic functions or to the exponential, since^{y′}_y =^1_{2x} , and^1_{2x} ∈ K. Furthermore, it can be hard to decide for a given function whether it is Liouvillian and how one could find the simplest construction. A combination of the above methods is used in the implementation by van Hoeij in Maple.

This work is the result of the study of the first two modern algorithms for factorization of linear differential operators, namely the lodef algorithm due to Schwarz [1989], and the Beke-Bronstein algorithm due to Bronstein [1994]. We are implementing the algorithm by Bronstein, the details of that work will be reported in the next technical report.

In this paper, we explain the lodef algorithm with the help of examples. First, a simple example shows that additional steps, that are not explicitly mentioned in the algorithm, are necessary to get a solution. Next we give step by step solution of the example mentioned in the original paper, by the application of the algorithm. This is useful in the study of different algorithms for solving linear differential equations. We have explained the important basic notions with the help of examples, for further details see the books by Magid [1994] and van der Put and Singer [2002].

2 Preliminaries

Definition 2.1. A derivation D on the field K is an additive map D : K → K satisfying: D(ab) = D(a)b + aD(b), for all a, b ∈ K. In this case we say that K is a differential field. The constants are the members of C = Ker(D), where Ker(D) is the kernel of map D, a subfield of K. To every linear homogeneous ordinary differential equation,

L(y) = y^{(n)} + a_1y^{(n−1)} + · · · + a_{n−1}y^′ + a_ny = 0 (1)

where a_i ∈ K for i = 1, . . . , n, one can associate the linear differential operator: L(D)[y] = ( D^n + a_1D^{n−1} + · · · + a_{n−1}D + a_n ) [y], where, D^i denotes the i-th derivative of y, and the coefficients a_i belong to a differential field K. Such an operator is called a linear homogeneous differential operator over K. The set D = K[D] of linear homogeneous differential operators over K is a ring under the usual addition of operators and composition as multiplication.

Let us assume that K is a characteristic zero field, and C is algebraically closed.

Definition 2.2. A set of n solutions {y_1, . . . , y_n} of L(y) = 0, linearly independent over C, is a fundamental system of solutions of L(y) = 0.

Definition 2.3. Let {y_1, . . . , y_n} be a fundamental system of solutions of L(y) = 0. Let

Δ = | | | | | y y_1 y_2 . . . y_n y^′ y^′_1 y^′_2 . . . y^′_n . . . . . . . . . . . . . . . y^{(n)} y^{(n)}_1 y^{(n)}_2 . . . y^{(n)}_n

| | | | | , and

ω_{Si} = ∂Δ ∂y^{(i)} , for i = 0, . . . , n. If we consider Δ as a function of the variables y, y^′, y^{′′}, . . . , y^{(n)}, i.e.

Δ = Δ(y, y^′, y^{′′}, . . . , y^{(n)}), then the ω_{Si} are the partial derivatives of Δ with respect to y^{(i)} for i = 0, . . . , n. In this case (−1)^nω_{Sn} is the Wronskian ω of {y_1, . . . , y_n}, and ω^′ = (−1)^{n+1}ω_{Sn−1} . By the Cramer’s rule the differential equation L(y) = 0 is uniquely determined by: L(y) = Δ ω_{Sn} = y^{(n)} + ω_{Sn−1} ω_{Sn} y^{(n−1)} + ω_{Sn−2} ω_{Sn} y^{(n−2)} + · · · + ω_{S0} ω_{Sn} y = 0 or a_i = ω_{Sn−i} ω_{Sn} , for i = 1, . . . , n. (2) This means that the logarithmic derivative of each nonzero a_i can be expressed as a quotient of two ω_{Si} . In particular,

a_1 = − ω^′ ω_{Sn} , or ω^′ + a_1ω_{Sn} = 0 (3)

which is known as Liouville’s relation.

Example 1. Let us consider a second order linear homogeneous differential equation L_2(y) = y^{′′} + a_1y^′ + a_2y = 0, with a_1, a_2 ∈ Q[x], and let {y_1, y_2} be a fundamental system of solutions of L_2(y) = 0. Then for this case we have Δ = | | | | y y_1 y_2 y^′ y^′_1 y^′_2 y^{′′} y^{′′}_1 y^{′′}_2

| | | | . We compute ω_{Si} for i = 0, 1, and 2:

• for i = 0

ω_{S0} = ∂Δ ∂y^{(0)} = ∂ ∂y | | | | y y_1 y_2 y^′ y^′_1 y^′_2 y^{′′} y^{′′}_1 y^{′′}_2

| | | |

= ∂ ∂y ( y | | |y^′1 y^′2 y^{′′}_1 y^{′′}_2 | | | − y^′ | | |y^1 y^2 y^{′′}_1 y^{′′}_2 | | | + y^{′′} | | |y^1 y^2 y^′_1 y^′_2 | | | ) = | | |y^′1 y^′2 y^{′′}_1 y^{′′}_2 | | | = y^′_1y^{′′}_2 − y^{′′}_1 y^′_2,

that is , ω_{S0} = y^′_1y^{′′}_2 − y^{′′}_1 y^′_2.

• for i = 1

ω_{S1} = ∂Δ ∂y^{(1)} = ∂ ∂y^′ | | | y y_1 y_2 y^′ y^′_1 y^′_2 y^{′′} y^{′′}_1 y^{′′}_2

| | |

= ∂ ∂y^′ ( y | |y^′1 y^′2 y^{′′}_1 y^{′′}_2 | | − y^′ | |y^1 y^2 y^{′′}_1 y^{′′}_2 | | + y^{′′} | |y^1 y^2 y^′_1 y^′_2 | | ) = − | |y^1 y^2 y^{′′}_1 y^{′′}_2 | | = −(y_1y^{′′}_2 − y^{′′}_1 y_2),

that is, ω_{S1} = y^{′′}_1 y_2 − y_1y^{′′}_2 .

• for i = 2

ω_{S2} = ∂Δ ∂y^{(2)} = ∂ ∂y^{′′} | | | y y_1 y_2 y^′ y^′_1 y^′_2 y^{′′} y^{′′}_1 y^{′′}_2

| | |

= ∂ ∂y^{′′} ( y | |y^′1 y^′2 y^{′′}_1 y^{′′}_2 | | − y^′ | |y^1 y^2 y^{′′}_1 y^{′′}_2 | | + y^{′′} | |y^1 y^2 y^′_1 y^′_2 | | ) = | |y^1 y^2 y^′_1 y^′_2 | | = y_1y^′_2 − y^′_1y_2 = ω,

that is, ω_{S2} = ω.

On the other hand,

ω^′ = dω dx = d(y_1y^′_2 − y^′_1y_2) dx = y_1y^{′′}_2 − y^{′′}_1 y_2 = −(y^{′′}_1 y_2 − y_1y^{′′}_2 ) = −ω_{S1} .

Now, substituting y_1 and y_2 in the original equation we get the following system of two equations in the unknowns a_1 and a_2,

y^{′′}_1 + a_1y^′_1 + a_2y_1 = 0 y^{′′}_2 + a_1y^′_2 + a_2y_2 = 0.

Finally, by the Cramer’s rule we get,

a_1 = y^{′′}_1 y_2 − y_1y^{′′}_2 y_1y^′_2 − y^′_1y_2 = ω_{S1} ω_{S2} , a_2 = y^′_1y^{′′}_2 − y^{′′}_1 y^′_2 y_1y^′_2 − y^′_1y_2 = ω_{S0} ω_{S2} . Example 2. Let us consider a third order linear homogeneous differential equation

L_3(y) = y^{′′′} + a_1y^{′′} + a_2y^′ + a_3y = 0, with a_1, a_2, a_3 ∈ Q[x], (4)

and let {y_1, y_2, y_3} be a fundamental system of solutions of L_3(y) = 0. Then for this case we have Δ = | | | | | y y_1 y_2 y_3 y^′ y^′_1 y^′_2 y^′_3 y^{′′} y^{′′}_1 y^{′′}_2 y^{′′}_3 y^{′′′} y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | | | .

We compute ω_{Si} for i = 0, 1, 2 and 3 :

• for i = 0

ω_{S0} = ∂Δ ∂y^{(0)} = ∂ ∂y

| | | | y y_1 y_2 y_3 y^′ y^′_1 y^′_2 y^′_3 y^{′′} y^{′′}_1 y^{′′}_2 y^{′′}_3 y^{′′′} y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | |

= ∂ ∂y y | | | | | | y^′_1 y^′_2 y^′_3 y^{′′}_1 y^{′′}_2 y^{′′}_3 y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | | | | −y^′ | | | | | | y_1 y_2 y_3 y^{′′}_1 y^{′′}_2 y^{′′}_3 y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | | | | +y^{′′} | | | | | | y_1 y_2 y_3 y^′_1 y^′_2 y^′_3 y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | | | | −y^{′′′} | | | | | | y_1 y_2 y_3 y^′_1 y^′_2 y^′_3 y^{′′}_1 y^{′′}_2 y^{′′}_3

| | | | | |

= | | | | y^′_1 y^′_2 y^′_3 y^{′′}_1 y^{′′}_2 y^{′′}_3 y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | | ,

that is,

ω_{S0} = | | | | y^′_1 y^′_2 y^′_3 y^{′′}_1 y^{′′}_2 y^{′′}_3 y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | | .

• for i = 1

ω_{S1} = ∂Δ ∂y^{(1)} = ∂ ∂y^′

| | | | y y_1 y_2 y_3 y^′ y^′_1 y^′_2 y^′_3 y^{′′} y^{′′}_1 y^{′′}_2 y^{′′}_3 y^{′′′} y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | | = − | | | | y_1 y_2 y_3 y^{′′}_1 y^{′′}_2 y^{′′}_3 y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | | ,

that is,

ω_{S1} = − | | | | y_1 y_2 y_3 y^{′′}_1 y^{′′}_2 y^{′′}_3 y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | | .

• for i = 2

ω_{S2} = ∂Δ ∂y^{(2)} = ∂ ∂y^{′′}

| | | | | y y_1 y_2 y_3 y^′ y^′_1 y^′_2 y^′_3 y^{′′} y^{′′}_1 y^{′′}_2 y^{′′}_3 y^{′′′} y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | | | = | | | | y_1 y_2 y_3 y^′_1 y^′_2 y^′_3 y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | | ,

that is,

ω_{S2} = | | | | y_1 y_2 y_3 y^′_1 y^′_2 y^′_3 y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | | .

• for i = 3

ω_{S3} = ∂Δ ∂y^{(3)} = ∂ ∂y^{′′′}

| | | | | y y_1 y_2 y_3 y^′ y^′_1 y^′_2 y^′_3 y^{′′} y^{′′}_1 y^{′′}_2 y^{′′}_3 y^{′′′} y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | | | = − | | | | y_1 y_2 y_3 y^′_1 y^′_2 y^′_3 y^{′′}_1 y^{′′}_2 y^{′′}_3

| | | | = −ω,

that is, ω_{S3} = −ω. On the other hand,

ω^′ = dω dx = d dx | | | y_1 y_2 y_3 y^′_1 y^′_2 y^′_3 y^{′′}_1 y^{′′}_2 y^{′′}_3

| | | = | | | y_1 y_2 y_3 y^′_1 y^′_2 y^′_3 y^{′′′}_1 y^{′′′}_2 y^{′′′}_3

| | | = ω^S2 , that is, ω^′ = ω_{S2} .

Now, substituting y_1, y_2 and y_3 in the original equation we get the following system of three equations in the unknowns a_1, a_2 and a_3,

y^{′′′}_1 + a_1y^{′′}_1 + a_2y^′_1 + a_3y_1 = 0 y^{′′′}_2 + a_1y^{′′}_2 + a_2y^′_2 + a_3y_2 = 0 y^{′′′}_3 + a_1y^{′′}_3 + a_2y^′_3 + a_3y_3 = 0.

Finally, by the Cramer’s rule we get,

a_1 = y_1y^′_2y^{′′′}_3 − y_1y^{′′′}_2 y^′_3 − y^′_1y_2y^{′′′}_3 + y^′_1y^{′′′}_2 y_3 + y^{′′′}_1 y_2y^′_3 − y^{′′′}_1 y^′_2y_3 −y_1y^′_2y^{′′}_3 + y_1y^{′′}_2 y^′_3 + y^′_1y_2y^{′′}_3 − y^′_1y^{′′}_2 y_3 − y^{′′}_1 y_2y^′_3 + y^{′′}_1 y^′_2y_3 = ω_{S2} ω_{S3} , a_2 =

−y_1y^{′′}_2 y^{′′′}_3 + y_1y^{′′′}_2 y^{′′}_3 + y^{′′}_1 y_2y^{′′′}_3 − y^{′′}_1 y^{′′′}_2 y_3 − y^{′′′}_1 y_2y^{′′}_3 + y^{′′′}_1 y^{′′}_2 y_3 −y_1y^′_2y^{′′}_3 + y_1y^{′′}_2 y^′_3 + y^′_1y_2y^{′′}_3 − y^′_1y^{′′}_2 y_3 − y^{′′}_1 y_2y^′_3 + y^{′′}_1 y^′_2y_3 = ω_{S1} ω_{S3} , a_3 = y^′_1y^{′′}_2 y^{′′′}_3 − y^′_1y^{′′′}_2 y^{′′}_3 − y^{′′}_1 y^′_2y^{′′′}_3 + y^{′′}_1 y^{′′′}_2 y^{′′}_3 + y^{′′′}_1 y^′_2y^{′′}_3 − y^{′′′}_1 y^{′′}_2 y^′_3 −y_1y^′_2y^{′′}_3 + y_1y^{′′}_2 y^′_3 + y^′_1y_2y^{′′}_3 − y^′_1y^{′′}_2 y_3 − y^{′′}_1 y_2y^′_3 + y^{′′}_1 y^′_2y_3 = ω_{S0} ω_{S3} . 3 The lodef Algorithm

Definition 3.1. Consider the matrix

y_1 y_2 . . . y_n y^′_1 y^′_2 . . . y^′_n . . . . . . . . . . . . y^{(n−1)} 1 y^{(n−1)}_2 . . . y^{(n−1)}_n (5)

There are (_n m ) square matrices, of size m × m, that may be formed out of its rows for any fixed value of m < n. Let the determinants, which are formed out of the m × m sub-matrices of (5), be denoted by z_ν for ν = 1, . . . , (_n m ) . The set {z_ν } may be considered as a set of new functions, which is closed under differentiation if the original differential equation is used to substitute derivatives of order higher than n − 1. By suitable differentiations and elimination for each of these functions, an (_n m ) -th order linear differential equation may be obtained. These equations are called associated equations for the original one.

Procedure. Schwarz [1989]: The full range for the index ν is subdivided into n − m + 1 subintervals I^{(k)} which are defined by

I^{(k)} = { ν | | ( k m ) + 1 ≤ ν ≤ ( k + 1 m ) , m − 1 ≤ k ≤ n − 1 }

An index ν belong to I^{(k)} if in the corresponding z_ν the highest derivatives of y_1, y_2, . . . , y_n, which are involved are exactly of order k. Each z^′_ν may be expressed as a linear homogeneous function of the z_ν , where ν = 1, . . . , (_n m ) , by using the original differential Equation (1) for substituting derivatives of order higher than n − 1. As we enumerate with respect to z, these relations may be written in the form

z^′_ν = ∑ ν∈I^{(k)}∪I^{(k+1)} a_{νμ}z_μ, where a_{νμ} is integer for ν ∈ I^{(k)}, m − 1 ≤ k ≤ n − 2, and

z^′_ν =

(^n_m)∑ μ=1 a_{νμ}z_μ,

where a_{νμ} is linear homogeneous in a_1, . . . , a_n for ν ∈ I^{(n−1)}. The associated equations are generalizations of Liouville’s relations.

Example 3. For n = 2 we have the equation

y^{′′} + a_1y^′ + a_2y = 0,

where m = 1 and k = 1, and

I^{(1)} = { ν | | | ( 1 1 ) + 1 ≤ ν ≤ ( 1 + 1 1 )} = {2}. There are two first-order determinants

z_1 = |y_1| = y_1, z_2 = |y^′_1| = y^′_1

from which we get the expressions

z^′_1 = z_2, z^{′′}_1 + a_1z^′_1 + a_2z_1 = 0.

After some operations we obtain the associated equation in this case

a_2z^{′′}_2 + (a_1a_2 − a^′_2)z^′_2 + (a^′_1a_2 − a_1a^′_2 + a^2)z_2 = 0.

Example 4. For n = 3 we have the equation

y^{′′′} + a_1y^{′′} + a_2y^′ + a_3y = 0,

where m = 1, 2.

If m = 1 then k = 1, and

I^{(1)} = { ν | | ( 1 1 ) + 1 ≤ ν ≤ ( 1 + 1 1 )} = {2}. If m = 2 then k = 1 or 2, and

• for k = 1,

I^{(1)} = { ν | | ( 1 2 ) + 1 ≤ ν ≤ ( 1 + 1 2 )} = {1},

• for k = 2,

I^{(2)} = { ν | | | ( 2 2 ) + 1 ≤ ν ≤ ( 2 + 1 2 )} = {2, 3}. There are three second-order determinants,

z_1 = | |y^1 y^2 y^′_1 y^′_2 | | , z_2 = | |y^1 y^2 y^{′′}_1 y^{′′}_2 | | , z_3 = | |y^′1 y^′2 y^{′′}_1 y^{′′}_2 | | . From these expressions we get,

z^′_1 = z_2, z^′_2 = −q_2z_1 − q_1z_2 + z_3 z^′_3 = −q_3z_1 − q_1z_3.

Therefore, the third order equations for z_1 and z_2 are

z^{′′′}_1 + 2a_1z^{′′}_1 + (a^2_1 + a_2 + a^′_1)z^′_1 + (a_1a_2 − a_3 + a^′_2)z_1 = 0 (6)

a^2_3z^{′′′}_2 + 2a_3(a_1a_3 − a^′_3)z^{′′}_2 + (a^2_1a^2_3 + a_2a^2_3 + 2a^′_1a^2_3 − 3a^′_3a_1a_3 + 2a^{′2}_3 − a^{′′}_3a_3)z_2 + (a_1a_2a^2_3 − a^3 + a^′_1a_1a^2_3 − a^′_3a^2_1a_3 − 2a^′_1a^′_3a_3 + 2a^{′2}_3 − a^{′′}_3 a_1a_3 + a^{′′}_1a^2_3)z_2 = 0 (7) Proposition 1. Kreider, Kuller, Ostberg, and Perkins [1971, pg.122] The change of variable u =^{y′}_y reduces the second order linear homogeneous differential equation:

y^{′′} + a_1y^′ + a_2y = 0, (8)

to the Riccati equation:

u^′ + u^2 + a_1u + a_2 = 0. (9)

Consequently, solving Equation (8) is equivalent to solving the simultaneous system of first order equations:

y^′ = uy, u^′ = −u^2 − a_1u − a_2 Equation (9) is called the Riccati equation associated to Equation (8).

Proof. By derivation and substitution we obtain the result in both cases.

Definition 3.2. Using the change of variable y^′ = uy for n ≥ 1 we have

y^{′′} = (u^2 + u)y,

y^{(3)} = (u^3 + 3uu^′ + u^{′′})y

. . . y^{(n)} = (u^n + · · · + nu^{(n−2)}u + u^{(n−1)})y In particular for n = 3 we obtain u^{′′} + (3u + a_1)u^′ + u^3 + a_1u^2 + a_2u + a_3 = 0, which is a nonlinear differential equation for the unknown function u. These equations may be considered as generalized Riccati equations. Algorithm 1. Algorithm lodef Schwarz [1989]: Input: A linear differential equation y^{(n)} + a_1y^{(n−1)} + a_2y^{(n−2)} + · · · + a_{n−1}y^′ + a_ny = 0 (10)

with rational coefficients a_i ∈ Z(x) for all i = 1, . . . , n. Output: A right factor y^{(m)} + r_1y^{(m−1)} + r_2y^{(m−2)} + · · · + r_{m−1}y^′ + r_my = 0

of order m with m < n with r_j ∈ Z(x) for all j = 1, . . . , m. If no genuine factor exists, the input equation is returned unchanged. m := 0, k := 1

1. m := m + 1. If m = n return the input equation. 2. Determine the associated equations.

3. Determine a solution of the equation for r_1 found in step 2 with rational logarithmic derivative and determine r_1 from it. If none exists, go to step 1.

4. k := k + 1. If k > m go to step 7. 5. Determine the equation for r_k.

6. Find rational solutions of the equation determined in step 5 and determine r_k from it. If none exists, go to step 1, else go to step 4.

7. From the coefficients r_k, construct a factor of left side of Equation (10) and return.

We can summarize this algorithm in the following steps: Generate the associated equations for ω_{S0} , . . . , ω_{Sm} . (Step 2) Look for all the nonzero solutions of the equation for ω_{Sm} whose logarithmic derivatives are in K. (Steps 3 – 6)

Substitute ω_{Sm−i} by (−1)^iω_{Sm} r_i in all the other associated equations and look for all the solutions in K. (Step 7)

The above yields all the possible candidates for right-factors of order m, and trial divisions either determine an actual factor, or prove that there is no such factor.

Example 5. Let us consider the equation

L_1(y) = y^{′′} + (x − 1)y^′ − xy = 0,

where a_1 = x − 1, a_2 = −x, a^′_1 = 1, and a^′_2 = −1.

In this case n = 2, m = 1, and the corresponding associated equation is

a_2z^{′′}_2 + (a_1a_2 − a^′_2)z^′_2 + (a^′_1a_2 − a_1a^′_2 + a^2)z_2 = 0.

After substituting the values of a_1, a_2, a^′_1 and a^′_2 in the above equation, we get z^{′′}_2 + x^2 − x − 1 x z^′_2 +

1 − x^2 x z_2 = 0.

However, in this case we do not have an equation for z_1, we use the original equation to find the corresponding associated Riccati equation, and it is

u^′ + u^2 + a_1u + a_2 = 0 or u^′ + u^2 + (x − 1)u + (−x) = 0, which has solution u = 1 ⇔ y^′ y = 1 ⇔ ω^′ ω_{S2} = 1.

By the Liouville’s relation, we obtain r_1 = −1. Therefore, y^′ − y = D(y) − y = (D − 1)(y). This implies that (D − 1) is a right factor of the equation. Now, in order to find a left factor in this case we subtract the derivative of the right factor from the original equation: (y^{′′} + xy^′ − y^′ − xy) − (y^′ − y)^′ = xy^′ − xy = x[D(y) − y] = x(D − 1)(y). Then, D + x is the left factor. In conclusion,

L_1(y) = [D^2 + (x − 1)D − x](y) = (D + x)(D − 1)(y).

Remark 3.3. To solve the equation in Example 5 using Schwarz’s algorithm, we need to find the associated Riccati equation. In order to find the associated Riccati equation, we use the original equation. We cannot get the associated Riccati equation using the method given by the algorithm. In other words, this method suffers from the problem of the actual generation of the associated equations.

Example 6. Let us consider the equation

L_2(y) = y^{′′′} + x − 1 x y^{′′} + x^2 − 2 x y^′ + 2 x^2 y = 0, where a_1 =^{x−1}_x , a_2 =^{x2−2}_x , a_3 =^2_{x2} . Differentiating a_1, a_2 and a_3, we get a^′_1 =^1_{x2} , a^′_2 =^{x2+2}_{x2} , a^′_3 =^{−4}_{x3} , a^{′′}_1 =^{−2}_{x3} , a^{′′}_2 =^{−4}_{x3} , a^{′′}_3 =^{12}_{x4} .

In this case n = 3, and we can take m = 2. By Equation (6), the corresponding associated equations for z_1 is:

z^{′′′}_1 + 2 ( x − 1 x ) z^{′′}_1 + ( x^3 + x^2 − 4x + 2 x^2 ) z^′_1 + ( x^3 − 2x + 2 x^2 ) z_1 = 0. (11)

By Equation (7) the corresponding associated equation for z_2 is:

z^{′′′}_2 +

2(x + 1) x z^{′′}_2 +

(x^3 + x^2 + 2x − 1) x^2 z^′_2 +

(x^4 − x^3 − x + 1) x^3 z_2 = 0. (12)

The generalized Riccati equation associated to Equation (11) is: u^{′′} + [ 3u + 2 ( x − 1 x )] u^′ + u^3 + 2 ( x − 1 x ) u^2 + ( x^3 + x^2 − 4x + 2 x^2 ) u+ ( x^3 − 2x + 2 x^2 ) = 0,

which has solution u = 1 ⇔ y^′ y = 1 ⇔ ω^′ ω_{S3} = 1.

By the Liouville’s relation, we obtain r_1 = −1. To obtain the equation for r_2, substitute z_2 = ve^{r1} = ve^{−1} in the associated Equation (12). We get v^{′′′} − (x − 2) x v^{′′} + (x^3 − x − 1)

x^2 v^′ − (x^3 − 1) x^3 v = 0, and its generalized Riccati associated equation is: u^{′′} + [ 3u − (x − 2) x ] u^′ + u^3 −

(x − 2) x u^2 +

(x^3 − x − 1)

x^2 u − (x^3 − 1) x^3

= 0.

The solution of the generalized Riccati equation is v = x^2 − 1 x , and then r_2 = x^2 − 1 x . Therefore,

y^{′′} + y^′ +

(x^2 − 1) x y = D^2(y) + D(y) +

(x^2 − 1) x y = [ D^2 + D +

(x^2 − 1) x ] (y) is a right factor of the equation. Now, in order to find a left factor in this case we subtract the derivative of the right factor from the original equation and rearrange the terms to obtain: − 1 x ( y^{′′} + y^′ +

(x^2 − 1) x y ) . Then, D −^1_x is the left factor. We can factor L_2(y), as:

L_2(y) = ( D − 1 x ) [ D^2 + D +

(x^2 − 1) x ] (y). References

Emanuel Beke. Die Irreducibilität der homogenen linearen Differentialgleichungen. Mathematische Annalen, 45:185–195, 1894.

Manuel Bronstein. Linear differential equations: Breaking through the order 2 barrier. In Paul S. Wang, editor, Proceedings of the 1992 International Symposium on Symbolic and Algebraic Computation ISSAC’92, Berkeley, California, USA, pages 42–48. ACM Press, 1992. Available online at the URL http://wwwsop.inria.fr/cafe/Manuel.Bronstein/publications/mb_papers.html.

Manuel Bronstein. An improved algorithm for factoring linear ordinary differential operators. In Joachim von zur Gathen, editor, Proceedings of the 1994 International Symposium on Symbolic and Algebraic Computation ISSAC’94, Oxford, England, United Kingdom, pages 336–340. ACM Press, 1994.

Manuel Bronstein. Symbolic Integration I - Trascendental Functions, volume 1 of Algorithms and Computation in Mathematics. Springer, Berlin, Heidelberg, New York, Barcelona Budapest, Hong Kong, London, Milan, Paris, Santa Clara, Singapore, Tokio, 1997.

Manuel Bronstein, Thom Mulders, and Jacques-Arthur Weil. On powers of differential operators. In Wolfgang W. Küchlin, editor, Proceedings of the 1997 International Symposium on Symbolic and Algebraic Computation ISSAC’97, Maui, Hawaii, USA, pages 156– 163. ACM Press, 1997. Available online at the URL http://wwwsop.inria.fr/cafe/Manuel.Bronstein/publications/mb_papers.html.

Winfried Fakler. On second order homogeneous linear differential equations with Liouvillian solutions. Theoretical Computation Science, 187(1-2):27–48, 1997. Available online at the URL http://www.citeseer.nj.ne.com/fakler97second.html.

L. Fuchs. Über die linearen Differentialgleichungen zweiter Ordnung, welche algebraische Integrale besitzen, und eine neue Anwendung der Invariantentheory. Journal für die reine und angewandte Mathematik, 81, 1875.

L. Fuchs. Über die linearen Differentialgleichungen zweiter Ordnung, welche algebraische Integrale besitzen, zweite Abhandlung. Journal für die reine und angewandte Mathematik, 85, 1878.

C. Jordan. Mémorie sur les équations différentielles linéaires á integrale algébrique. Journal für die reine und angewandte Mathematik, 84, 1878.

Jerald J. Kovacic. An algorithm for solving second order linear homogeneous differential equations. Journal of Symbolic Computation, 2:3–43, 1986.

Donald L. Kreider, Robert G. Kuller, Donald R. Ostberg, and Fred W.

Perkins. Introducción al Análisis Lineal, Parte 1. Traducción de Luciano Segurajauregui G. and Salvador Enríquez A. Fondo Educativo Interamericano, Mexico, 1971.

Joseph Liouville. Premier mémoire sur la détermination des intégrales dont la valeur est algébrique. Journal de l’École polytechnique, 14:124–148, 1833a.

Joseph Liouville. Second mémoire sur la détermination des intégrales dont la valeur est algébrique. Journal de l’École polytechnique, 14:149–193, 1833b.

Andy R. Magid. Lectures on Differential Galois Theory, volume 7 of University Lecture Series. American Mathematical Society, Providence, Rhode Island, 1994.

P. Th. Pépin. Méthode pour obtenir les intégrales algébriques des équationes différentielles linéaires du second ordre. ATTi dell’ Accad. Pont. de Nuovi Lincei, XXXIV:243–388, 1881.

Fritz Schwarz. A factorization algorithm for linear ordinary differential equations. In Gaston H. Gonnet, editor, Proceedings of the ACM-SIGSAM 1989 International Symposium on Symbolic and Algebraic Computation ISSAC’89, Portland, Oregon, USA, pages 17–25. ACM Press, 1989.

Michael F. Singer. Algebraic solutions of linear differential equations. In Proceedings of the Queen’s University 1979 Conference on Number Theory, volume 62(2), pages 379–420, 1979.

Michael F. Singer. Liouvillian solutions of linear differential equations with Liouvillian coefficients. Journal of Symbolic Computation, 11(3):251–274, 1991.

Michael F. Singer. Testing reducibility of linear differential operators: A group theory perspective. Applicable Algebra in Engineering, Communication and Computing, 7(2):77–104, 1996. Avalaible on line at the URL http://www4.ncsu.edu/ singer/ms_papers.html.

Michael F. Singer and Felix Ulmer. Liouvillian and algebraic solutions of second and third order linear homogeneous differential equations. Journal of Symbolic Computation, 16:37–73, 1993. Available online at the URL http://www4.ncsu.edu/ singer/ms_papers.html.

S. P. Tsarev. An algorithm for complete enumeration of all factorizations of a linear ordinary differential operators. In Y. N. Lakshman, editor, Proceedings of the 1996 International Symposium on Symbolic and Algebraic Computation ISSAC’96, Zurich, Switzerland, pages 226–231. ACM Press, 1996.

Marius van der Put and Michael F. Singer. Galois Theory of Linear Differential Equations, volume 328 of A Series of Comprehensive Studies in Mathematics. Springer-Verlag, Berlin, Heidelberg, New York, 2002. Available online at the URL http://www4.ncsu.edu/ singer/ms_papers.html.

Mark van Hoeij. Factorization of differential operators with rational functions coefficients. Journal of Symbolic Computation, 24:537–561, 1997a. Available online at the URL http://www.math.fsu.edu/ hoeij/papers.html.

Mark van Hoeij. Formal solutions and factorization of differential operators with power series coefficients. Journal of Symbolic Computation, 24:1–30, 1997b. Available online at the URL http://www.math.fsu.edu/ hoeij/papers.html.

Mark van Hoeij, Jean-Francois Ragot, Felix Ulmer, and Jacques-Arthur Weil.

Liouvillian solutions of linear differential equations of order three and higher. Journal of Symbolic Computation, 28:589–609, 1999. Available online at the URL http://www.math.fsu.edu/ hoeij/papers.html.

Mark van Hoeij and Jacques-Arthur Weil. An algorithm for computing invariants of differential galois groups. Journal of Pure and Applied Algebra, 117-118:353–379, 1997. Available online at the URL http://www.math.fsu.edu/ hoeij/papers.html.

Jacques-Arthur Weil. The use of the special semi-group for solving differential equations. In Joachim von zur Gathen, editor, Proceedings of the 1994 International Symposium on Symbolic and Algebraic Computation ISSAC’94, Oxford, England, United Kingdom, pages 341–347. ACM Press, 1994.